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ABSTRACT
In this study the presence of (k,n;f)-arcs of two characters (m,n) in the 
Projective Plane of order 9 was investigated.
The example of (85,13;f)-arcs of type (10,13) with the number of points of 
weight 0 is 6 was discussed. It was proved that there is no (85,13;f)-arc when 
the points of weight 0 form a (6,3)-arcs in PG(2,9). It was proved that 
there are two examples of (85,13;f)-arcs of type (10,13) when the points of 
weight 0 form a 6-arc which lies on a conic.
The example of (81,12;f)-arcs of type (9,12) with the number of points of weight 
0 is 10 was discussed. It was proved that there is no (81,12;f)-arc when the 
points of weight 0 form a a conic or a (10,3)-arc in PG(2,9).
INTRODUCTION
Let K be a weighted (k,n)-arc ((k,n;f)-arc) of type (m,n) in PG(2,q), the projective plane 
over the galois field GF(q) of q elements, where f  is defined in Chapter 2 as follow:
f  0  if p « K
f(p) = -I
L 1,2 i f p e K
The idea of a weighted (k,n)-arc was proposed by Tallini-Scafatiilbi.
In 1977, Barlottiil] suggested the study of sets with weighted points. He presented the 
defintion of (k ,n ;(w j)-se t of kind s in PG(r,q), which, in the two-dimensional case, yields
the defintion of (k ,n ;(w j)-arc.
Barnabe:[^ 1 studied these type of arcs, and obtained some particular results about the 
existence or non-existence of these arcs. She gave some examples of these arcs in PG(2,9), 
by using a computer programme.
D'AgostiniM  studied caps with weighted points in PG(t,q), t > 2. Some relations between 
parameters of a (k,n;f)-cap and its characters were found. Monoidal caps were also 
considered and some examples were given, and the (k,n;f)-caps of type (0,n) were also 
characterized.
Raguso and RellaM investigated a (k,n;f)-arcs of type(l,n) in a finite projective plane and 
some of them were characterized.
W iIson[12] proved that there is a (88,14;f)-arcs of type (11 ,14) in the Galois 
plane of order 9. He also proved that there is a (10,7;f)-arc of type (4 ,7) in the 
projective plane of order 3.
The principle aims of this study are the following:
(1) A detailed study of minimum (85,13;f)-arcs of type (10,13) inPG(2,9).
(2) A classification of (6,3)-arcs in PG(2,9).
(3) A detailed study of minimum (81,12;f)-arcs of type (9,12) in PG(2,9).
This thesis is divided into five Chapters :
Chapter 1:
Consists of definitions and well-known results on Galois fields, projective spaces, 
collineations and projectivities, quadrics, k-arcs, conics and the Galois plane of order 9. In 
section 1.7 some details are given about 6 -arcs in PG(2,9) and section 1.8 consist of 
definitions and well-known results on (k,n)-arcs and complete (k,n)-arcs in PG(2,q).
Chapter 2;.
Consists of definitions and well-known results on weighted (k,n)-arcs ((k,n;f)-arcs), 
(k,n;f)-arcs of type (m,n), and we have proved in this chapter an important theorem for the 
existence of the maximum (k,n;f)-arc.
Chapter 3;
The non-existence of (85,13;f)-arcs of type (10,13) in PG(2,9) is established. The existence of 
(85,13;f)-arcs of type (10,13) when the points of weight 0 form a 6 -arc which lie on a 
conic is proved.
Chapter 4:
The non-existence of a (85,12;f)-arc of type (10,13), when the points of weight 0 form a 
(6,3)-arcs in projective plane of order 9, is established.
Chapter iL
The non-existence of (81,12;f)-arcs of type (9,12), when the number of points of weight 0 is 
1 0  is established.
G lossary o f Sym bols U sed
sy m b o l
C A Conic
A CoUineation
K (k,n)-arc in PG(2,q).
K (k,n;f)-arc in PG(2,q).
Ki 6-arc having i Br-points
z„ The cyclic group of order n.
1-secant A line containing i points of k .
T i The number of i-secants of k .
ti The number of lines of weight i.
The dihedral group of order 2n.
G i X G 2 The direct product of Gi and G 2
An The alternating group of n letters.
ij The number of points having weight j
The number of lines of weight i through a point o f weight j.
The number of i-secants through a point not belonging to k .
CHAPTER ONE
General Introduction
C h a p t e r  1: G e n e r a l I n tr o d u c t io n
§ 1.1 F in ite  fields  
§ 1 .1 .1  G alo is fields
A ûeld is a set F  of elements, which is closed under the operations + , . such 
that:
(i) (jP, + ) is an abelian group with identity 0.
(ii) {F  \  {0 } ,.)  is an abelian group with identity 1.
(iii) a[b -j- c) =  ab ac for all a, 6, c in F.
(iv) (a +  b)c =  ac be for all a, 6, c in F.
A field which consists of a finite number of elements is called a finite field.
A Galois field is a finite field with q =  elements, where p is a prime number 
and h is a natural number.
The characteristic of a finite field K  is the smallest positive integer p such that 
pt =  0 for all t in K .
A finite field K  of characteristic p has a subfield isomorphic to GF{jp) and has p  ^
elements for some h £ N .
Let GF{p) =  Z / pZ ,  p prime, and let F{x)  be an irreducible polynomial of degree 
h over GF(p)j  then
GE(p^) =  G E (p )[x ]/(E (x ))
— {< 0^ +  <iii +  • * • +   ^ : a,- € GF(p),  — 0}
GF{p^)  is called a Galois field of order q =  p^, the elements of GF{q),  satisfy the 
equation =  a, and there exists y  in GF{q)  such that the non-zero elements of 
GF(q)  are the powers 1, p, , • • •, of y.  The element y  is called a prim itive  
element or primitive root of GF[q).
If 5 is a primitive root of GF(p^), then t =  is a primitive root of
GF{q),  where 0(n) =  — l ) / { q  — 1). Generally, if m divides /i, then
w =  / 0 [ m  — 1) is a primitive root of GF[q^) .
C h a p t e r  1: G e n e r a l I n tr o d u c t io n
§ 1.2 T h e  G alo is F ie ld  o f  order 9
Let f {x )  =  +  æ +  2 be any polynomial in CrF(3)[æ]. It is clear that 0,1,-1 =
(mod 3) are not a root of f {x) ,  therefore f {x )  is irreducible over GF{S).  Thus 
the field residue classes (mod f {x) )  contains nine elements as follow:
10],[ll,[2],[a],[2a],[a^],[2a^],[«^l,[2a»]
GF{3^)  =  GF{S)[x] / {f{x)  =  {0 ,l,2 ,a ,2o;,Q :^ ,2a^ ,a^ ,2a^  : +  2a  +  2
=  a ^ + a  +  2 =  a ^ + o ;^ - f l  =  Q;'^-l-l =  0},
§ 1.2 P r o je c tiv e  spaces
§ 1 .2 .1  D efin itio n s  and fu n d am en ta l resu lts
Let V  be an (n-f-l)-dimensional vector space over the field K  with origin 0.
Define the equivalence relation ~  on F  \  {0} as follows:-
let (uo, a i, • • •, an), (6q, 5i, • • •, bn) be two elements of F  \  {0}, then
(uq, u i, • • •, ~  (^0 ? 1^? • • • 5 ^n) if there exists a non-zero k £ K  such that
b{ =  kui for every i. Then the set of equivalence classes (denoted by PG{n,  K) )  is
called n-dimensional projective space over K and its elements are called points.
The vector X  =  (æoj • • •, æ„), X{ £ K ,  represents the point P { X )  in
PG{n,  K ) ,  and the vectors X  and t X  represent the same point, where
t X  =  { txo , tx i , - - - , tXn) ,  t e  X  \ { 0 } .  l i  K  =  GF{q),  then P G { n , K )  is denoted
by PG{n,q) .
A su b sp a ce  of dimension m  (m-space) of P G { n , K ) ,  m <  n, is a set of points 
all of whose representing vectors form (together with the origin) a subspace of 
dimension m -}- 1 of F . Subspaces of dimension zero, one, two, and three are 
respectively called a point, a line, a plane, and a solid.
C h a p t e r  1: G e n e r a l I n tr o d u c t io n
Let <t>{r,n,q) =  15*1, where S  is the set of r-spaces in PG[ n , q )  and let N[ s , r , n , q )  
be the number of r-spaces through an 5-space in PG(n,  q).
T h eo rem  1 .2 .1
(i)
(/>(0,n,g) =  0{n)  =  (g"+^ -  l ) / ( g -  1)
(ii)
4>{r,n,q) =  [n — r -f l ,n  -f ! ] _ / [ ! , r -f 1]_, where 
i— 8
[r,5] -  =  — 1), for s > r ,  and =  1 f o r  s < r
i=T
(iii)
N { s , r , n , q )  =  [ r - 5  +  l , n  -  5 ]_ /[ l ,n  -  r]_
P roof: See HirschfelS^^ P.39. □
§ 1 .2 .2  C o llin ea tio n s  and  P r o je c t iv it ie s
Let S  and S* be any two spaces PG(n,q). A collineation
S*
is a bijection such that if Sr C St, then S ,.^  C S t^  , where Sr and St are 
subspaces of S  with dimensions r  and t respectively. So if a point P  is incident 
with a line i ,  then PlF is incident with the line
A pro jectiv ity  T : S —> S* is bijection given by a non-singular matrix T: if 
P (X ') =  P (X ), then tX ' =  X T , and t £  G F (q) \  {0 }. where t is a non-zero 
element of GF{q).
C h a p te r  1: G e n e r a l I n tr o d u c t io n
§ 1 .2 .3  T h e  F u n d am en ta l T h eo rem
A. If {P o,P i, • • •, Prr+i}, {Pg, P[,  , Pn-fi} two scts of n +  2 points of 
P G {n , K )  such that no n + 1  points chosen from the same set lie in a prime, then 
there exists a unique projectivity T  such that Pj =  P^T, for all i £  {0 ,1 , • • •, n + 1 }.
B . Let S =  P G (n , K ) ,  and iP: 5  —> 5  be a collineation, then 9/ — crT, where 
a  is an automorphism and T is a projectivity. This means that if i f  =  GF[p^),  
and p(X ') =  p(X)lP, then there exists m  £ Uj £ GF{q)  for (z,y) £ and 
Uj e  GF{q) \  {0} such that tX* =  X ^ ^ T , where X^"" =  ) and
§ 1 .2 .4  G roup  o f  p ro jec tiv it ie s
Write V  =  V[n,q)  for a vector space of dimension n over GF(q).  The groups of 
all bijective linear and semilinear transformations of V  are denoted by GL[n,  q) 
and TL{n,q)  respectively. We also use the notation SL{n,q)  for the group of 
linear transformations of determinant one.
T h eo rem  1 .2 .2
(1 )  
(2)
p(n,q)  =  \PGL{n,q)\  =
\GL{n,q)\  =  (?” -g " - ' ) ( g "  -  g"-^)...(g" -  1)
n(«— 1)
1 = 1
(3)
(4 )
1 = 2
\ T L { n , p ' ^ ) \ = h \ G L { n y ) \ .
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C h a p te r  1: G e n e r a l I n t r o d u c t io n
P roof: See Hirschfelcf^^ P.41. □
Let C  be the centre of the group GL[n,q) .
Then C =  { t l  : t £ GF{q) \  {0}, I is the identity of GL{n,  g)}.
PGL(n , q )  ^  GL{n,q)IC,
where PGL(n ,  g), PTL{n ,  q) and PSL{ n ,  q), are the groups of projectivities, 
collineations, and projectivities of determinant one of PG( n  — 1, g) respectively.
T h eo rem  1 .2 .3  
(1 )
i=2
(2 )
|P 5 i ( n ,g ) |  =  \ S L { n , q ) \ / { n , q -  1),
where (s,t) is the greatest common divisor of s and t.
(3 )
\ P TL( n , p^) \ = h \ PGL{ n , p^) \ .
P roof: See Hirschfeld^^  ^ P.41. □
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C h a p te r  1: G e n e r a l I n tr o d u c t io n
§ 1 .2 .5  C yclic  P r o je c t iv it ie s
A cyclic  p ro jec tiv ity  is a projectivity which permutes the 0{n)  points of the 
space PG(n,q) in a single cycle. For example, the projectivity represented by the 
matrix A
^0 1 0  
0 0 1 
a  1 0
A =
\
on PG{2,  9) which is given by right multiplication of the matrix A  on the points 
of P G { 2 , 9) is a cyclic projectivity. By duality, a cyclic projectivity permutes the 
primes of PG(n,  q) in a single cycle. So we can represent the plane by an array 
of g +  1 rows and g^  +  g +  1 columns, where each element of the array is a point, 
and each column consists of the points on a line. For example, if the points of 
P (7(2,3) are given by the numbers 0, 1, 2, 3 , - -, 12 and the points 0, 1, 3, 9 are 
collinear, all the lines are given by the columns of the array
0 1  2 3 4 5 6 7  8 9 10 11 12
1 2  3 4 5 6 7 8  9 10 11 12 0
3 4 5 6 7 8 9 10 11 12 0 1 2
9 10 11 12 0 1 2 3 4 5 6 7 8
T h eo rem  1 .2 .4
A pro jectiv ity  T  of PG{n, q)  is a cyclic pro jectiv ity  if, and only if, the 
characteristic polynom ial of an associated m atrix is subprimitive.
P r o o f  See Hirschfeld^^  ^ P. 75. □
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C h a p te r  1: G e n e r a l I n t r o d u c t io n
§ 1.3 Q uadric  
§ 1 .3 .1  D efin itio n s
Let K[X]  =  K [ xq,Xi , be a polynomial ring over a field K.
A polynomicd F  in X[X] is called homogeneous or a form  of degree d if all its 
terms have the same degree d.
For any non-empty set S  of forms in K[xo , x i ,  if we let
ITi.K'C'S') =  {P (A ) G PG{n,  q) : A is a zero of each F in S},
then Vti,k {S)  is called a va riety  (over K) .  When there is no ambiguity, we write
V„,k {S)  =  V{S) .
(1) A variety V{F)  in P G ( n , K )  is a primal.
(2) A primal in P G ( 2 , K )  is called a plane curve.
(3) A primal in P G { 3 , K )  is called a surface.
The order or degree of a primal V{F)  is the degree of F.  In PG{2,  q) a 
quadric is a primal of order two. So P  is a quadric, then R  =  F (F ), 
where F  is a quadratic form; that is
F =  ^^{ai jXiXj)  =  aoQxl +  aoi^oaji +  ... 
i<j
We say R  is singular at P(ao, ^ i , ..., a^) if 
F  =  dF/dxo =  d F / d x i  =  ... =  d F/ dxn  =  0 at P (ao , ,..., Un)
A form and its variety are degenerate if there is a change of coordinate system  
which reduces the form to one in fewer variables, otherwise the form and variety 
are non-degenerate.
12
C h a p te r  1: G e n e r a l I n tr o d u c t io n
T h eo rem  1 .3 .1
A quadric is degenerate i f  and only i f  it  is singular variety.
P roof: See Hirschfeld[^^ P. 97. □
T h eo rem  1 .3 .2
In PG{2,  q), the number o f projectively distinct non-singular quadric is one or 
two as n is even or odd. They have the following canonical forms:
(1 ) n =  2 j , j > 0 :
P2j =  F(Zg +  X1 X2 +  X3 X4  +  ... +  X2 j - l X 2 j)]
(2) n =  2 j - l , j > l :
R 2 j - 1  =  V { x q X i  +  Z 2 Z 3  +  . . .  +  X 2 j - 2 ^ 2 j - l ) ^
E 2j - 1  =  V ( f { x o , X i )  4- X2 XZ  +  2:4 3 : 5  +  ... +  X 2 j - 2 ^ 2 j - l ) ,  
w h e r e  f  i s  a n  i r r e d u c i b l e  b i n a r y  q u a d r a t i c  f o r m .
P roof: See Hirschfeld^^^ P. 107. □
P2 j ,  H 2 j - i  and F 2J- 1  are respectively called parabolic, hyperbolic  and elliptic.
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C h a p t e r  1: G e n e r a l  I n tr o d u c t io n
§ 1 .4  H arm on ic  T etrad s
Let F  be a polynomial in x of degree n with coefficients in GF{q),  where q =  p^. 
So,
F(æ) =  uqX  ^ -p  ^ +  • • • +  a-n—ix  +  <i„, ag 7^  0.
The d iscr im in a n t A  =  A{ F)  =  (P, where,
'<J
and ai,  i € iVn, are the roots of F  in some extension of GF{q).
When p =  2, d is a symmetric function of the roots and so is a form  of degree
2n — 2 in the coefficients of F . Let
F(æ) =  ugz^ +  aix^ +  Œ2X^  +  a^x +  U4 .
Define I  and J  of F  by,
I  — — SuiUs +  12ugU4,
J  — 2q,2 T 2 7 T 27ugUg — 72<IgCl2^ 4 — 9u% U2 (^ 3 ) 
then A =  (4/3 -  J2)/27 , p ^  3,
Then A  =  (ugu^ — -f (ugu^ — — (agUg +  afa4 — agtt2a4 )a |, p =  3.
When A  0 and /  =  0, F  is equianharmonic.
When A  0 and J  =  0 , F  is harmonic.
D efin itio n
The cross-ratio { a i , 0 2 ? « 3 ?«4} of the four roots a i ,  0:2 , 0 3 , 0:4 of F  is
(q i — g:3)(o:2 ~  Q4 )
(a i — a4)(a2 — 0:3)
Let this value be A; then the 24 permutations of the a{ give only the six values
\  1  _  \  i  1  A ( A —1 )
A ’ ( l - A ) ’ ( A - l ) »  A •
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C h a p te r  1: G e n e r a l  I n tr o d u c t io n
§ 1 .4 .2  G eo m etr ica l s ign ificance o f  th e  cross-ra tio
The g+1 points of P G ( l , q )  are P (æ o,xi), X{ £ GF{q).  So
P G (l,g )  =  {Po =  P (1 ,0 )}  U {P (x o ,l)  : Zg G GF{q)} .
Each point P(æo, x i)  with x\  ^  0 is determined by a non-homogeneous coordinate 
xq/ x i . The coordinate for Uq is oo.
Let Y  =  (yo ,y i) and X  =  ( ^ o , t h e n  Y  — X T ,  where T  = a b c d gives 
(T) =the projectivity =  M{T) .  Let 5 =  ^  and t =  then (5 ,1 ) =  ( t , l  
[at c,bt +  d). So s =  (fU l) •
Let the coordinates of the points / 2 ,  f a ,  be ^2, ^3, ^4 and the coordinates of
the points Q 2 ,  Q 3 ,  Q 4  be 5 2 , ^ 3 , 5 4  respectively. If &P is the projectivity such that
Qi =  P i^ , i =  2,3,4 then is given by
(5 — 5 3 ) ( 5 2  — 5 4 )  _  { 1  — ^3 ) ( ^ 2  — ^4)
( 5  — 5 4 ) ( 5 2  — .S3 ) {t — ^4 ) (^ 2  — 3^ )
So, the cross-ratio of four points P%, P 2 , P 3 , P 4  having coordinates < 2 ,^ 3 ,  <4 is
m ,P .; P 3 ,P 4 }  =  { h , h - , h , u }  =  Î7[tl — I4j(t2 — (3 j
We may note that the images of three points determine a projectivity. Let
A =  { ^ l , < 2 ;^ 3 , ^ 4 > =  { ^ 2 , ^ i ; ^ 4 , ^ 3 > =  { ^ 3 ,  <4; < 1 , ^ 2 }  =  { ^ 4 , ^ 3 5 ^2 , ^ 1 }
S o  {P % , P 2 ;  P g ,  P & }  i s  i n v a r i a n t  u n d e r  a  p r o j e c t i v e  g r o u p  o f  o r d e r  f o u r  i s o m o r p h i c  
t o
^2 X 4^ 2 =  { l , ( ^ i ; '2 ) ( P 3 P 4 ) , ( P lP 3 ) ( P 2 P 4 ) , ( ; ' i ; '4 ) ( P 2 P 3 ) } .
Under all permutations of { P i ,  P 2 ,  P 3 ,  P 4 } ,  the cross-ratio takes just the six values
A,1 — A, 1/A, 1/(1 — A), A/(A — 1), (A — 1 ) /A,
as follows:
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1/A — {^1 ,^25 4^5 3^} — {^2 ,^15 3^5 4^ } — {^45 3^5 1^ ,^2} — {^3 ,^45 2^5 1^},
1 A =  { ^ 1 , ^ 3 5 ^2 5 ^4 }  — { ^ 3 , ^ 1 5 ^4 5 ^2 }  — { ^ 2 5 ^4 5 ^1 , ^ 3 }  — { ^ 4 ,  ^25 ^3,  ^1 } ,
1/(1  -  A) =  {<1,<3 5 4 ,^2} =  {<35 1^5 2^ , ( 4 } =  {<4,<25<1,<3} =  {<2,<45<3,<i},
( A  -  1 ) / A  =  { < 1 , < 4 5 < 2 , < 3 }  =  { < 4 , < 1 5 < 3 , < 2 }  =  {<2 , <3 5 <1,  <4 }  =  {<3 , <2 5 <4,  < 1 } ,
A/(A -  1) =  {<1,<45(3 ,<2} =  {<4,<i5<2,<3} =  {<3, <2 5 <1 , ( 4} =  {<2,<35<4,<i}- 
Also, {<i,<25<3 ,<4} takes one of the values oo , 0, or 1 if and only if two of the t^s 
are equal.
D efin itio n s  1 .4 .4
(1 ) If P i , p 25 p 35 P i are distinct points, then Pi and P2 separate P3 and P4 
harmonicaHy, written jP(Pi, P2 ; P3 , P4 ), if
{<1 , <25 <3 , <4} =  —1 .
( 2 ) Four points form a harmonic tetrad  if two of them harmonically separate 
the other two. A tetrad is harmonic ifA  =  l /A o r A  =  A/(A — l ) o r A  =  l  — A. 
When p =  2, there are no harmonic tetrads. When p =  3 then 2 =  1 /2  =  -1.
(3 ) A tetrad is equianharmonic ii  A =  1/(1 —A) or, equivalently, A =  (A —1)/A; 
that is,
A^ — A +  1 =  0 .
(4 ) A tetrad is superharmonic if it is both harmonic and equianharmonic. 
Thus superharmonic tetrads exist if and only if p =  3, since putting A =  — 1 
in (3 ) gives 3 =  0.
L em m a 1 .4 .5 : On P (7 (l, g), g =  p^,
(i) the number of harmonic tetrads and the projective group of each one is as 
follow:
p =  3 g(g3 -  l) /2 4  S 4
p >  3 g(g" -  l ) /8  D 4
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(ii) the number of equianharmonic tetrads and the projective group of each one 
is as follows:
p =  3 q{q^ -  l ) /2 4  S4 
9 = 1  ( m o d s )  q(q^ — l ) / 1 2  A 4.
P r o o f  See HirschfeJdf^i P. 121. □
D efin itio n
Let L i , L 2 be any two lines in P (j(2 , ç) and let P be any point in the plane not 
on L i or L 2 . Define the function
'ip : L i L 2
by, if A  £  L i, then B =  A-tp =  P A  fl L 2 then 'ij) is called a Perspectivity  and P  its 
centre.
L em m a 1 .4 .6  A perspectivity  is a projectivity.
P r o o f
Let L i =  Uq, L 2 =  Ui and let P  =  \J. If A =  P ( 0 , l , t )  and B =  P ( l , 0 ,a), 
then s =  1 — t. So “0 is projectivity (F ig  1 .1)
N o ta tio n  If Aj0 =  Bi in the above perspectivity for i E write 
(A i, A2 , • • •, Ar) 7T (P i, P 25 • ■ • 5 Pr)-
L em m a 1 .4 .7
Given the line P1P2P3 take any other line CAPi .  Let B =  AP3 fl C P 2 , D =  
AP 2 n P P i and P4 =  C P  n P 1 P2 ; then P (P i ,  P2 ; P3 , P4 ).
P r o o f
Let E =  AB n C D . Then
(-Pl,P2,P3,P4) % { A , B , P s , E )  ?  (P s .P lP s .A ) .  
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So (P i, P2 ,Pa, P4 ) 7T (P2 ,P i ,P s ,P 4 ). If A is the cross-ratio {P i, P2 ; P3 , P4} 
then {P 2 ,P i;P 3 ,P 4 } =  1/A. So A^  =  1 and A =  —1.
Therefore P ( P i , P2 ; P3 , P i)- □
We note that, when p =  2 , the construction fails, as P4 = P3.
§ 1.5 T h e p ro jectiv e  p lan e PC (2, g)
§ 1 .5 .1  D efin itio n s and b asic  resu lts
A projective plane P C (2 , q) over GF{q)  is a two-dimensional projective space and 
contains q^  P q  +  1 points and q^  -\-q +  1 lines, with g +  1 points on every line and 
q +  1 lines through each point (T h eo rem  1 .2 .1 ). Any two points have exactly 
one line joining them, any two lines meet in just one point, and there exist four 
points in PC (2, q) such that no three are collinear.
§ 1 .5 .2  P la n e  &-arcs
D efin itio n s
( 1 ) A set K, of k > 2  points of P C (2 , g), is said to be a k-aic, if no three points 
of K are collinear .
(2 ) A A;-arc k  is complete if there is no (k l)-arc containing it.
(3 ) Let 7712,g be the maximum value of k such that a A:-arc k  exists in PC (2, q); 
a fc-arc with this number of points is called an oval.
(4 ) A line i  in P C (2 , q) is an i-secant of a A;-arc /c if fl /c| =  i.
A 0 -secant is called an external line of #c, a 1 -secant is called a unisecant and 
2 -secant is called bisecant.
(5 ) A ta n g en t to a A;-set is a line which is a tangent when the A;-set is considered 
as an algebraic variety.
( 6 ) The diagonal points of a k-arc are the intersection of two sides which 
do not pass through the same vertex.
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L em m a 1.5
The three diagonal points o f a quadrangle in PG{2^q) are collinear i f  and only i f  
q is even.
P r o o f
Let UqjUi ,U 2 , U  be the vertices of the quadrangle. Then the diagonal points are
D o = U U o n U , U 2 = P { 0 , h l ) ,
Di  = U U i HUoU2 = P (1 ,0 ,1 ) ,
l >2 =  ni7oC/i = P ( i , i , o ) .
So Do, D i , D 2 are collinear if and only if 2 =  0; that is, q is even. □
D
Uo
F ig . 1.2
Let t {P)  be the number of unisecants through P , where P  is a point of the k-aic 
K. Let Ti be the number of i-secants of k  in the plane.
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L em m a 1 .5 .1
(1) t { P ) = ^ q - \ - 2 - k  =  t
(2) T2 =  k(k — l ) /2  
Ti =  kt
To =  q{q — l ) /2  +  t{t  — l ) /2
Proof:
(1) There are k -\ bisecants through P  ^ k,  and since through any point of 
the plane P G { 2 , q) there pass exactly ç+1 lines, then
t(P ) =  q \  — {k — l)  =  ç T 2  — k.
(2) There are k(k — l ) / 2  bisecants, kt unisecants, and
-f Ç +  1 — k{k — l ) /2  — kt =  q{q — l ) /2  +  t{t — l ) /2  external lines. □
C orollary
For a (q-hl)-arc, t =  1 ,T 2 =  q{q +  l ) /2 ,  n  =  g +  1, Tq =  g(g -  l ) /2 .
Let Q be a point of tt not on the k-aic k . Let <Ti{Q) be the number of i-secants
through Q. The number of bisecants ct2 {Q) is called the index of Q with respect 
to K and the number of unisecants (Ti{Q) is called the grade of Q with respect to
K.
L em m a 1 .5 .2
For any point Q £ 7t \ k
^i{Q)  T 2o-2(Q) =  k.
P roof: See Hirschfeld^^  ^ P. 164. □
L em m a 1 .5 .3
In PG{2,  g) for q even, the q + 1  tangents to a conic are concurrent.
P roof: See Hirschfeld^^  ^ P. 164. □
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T h eo rem  1 .5 .4
{g -f 2, for q eveng +  1, for q od d
P roof:
Since t[p) =  g 4 - 2  — fc =  t > 0  for any fc-arc k. So A; <  g +  2.
When g is even, the unisecants to a conic are concurrent 
at it ’s nucleus N  (Lemma 1.5.3)
So C U { i V }  is a (g +  2)-arc.
Suppose there exists a (g +  2)-arc n  for g odd, then t =  0 and
so cri(Q) =  0 for any Q £ 7t \ k .
Thus 2 ct2 (Q) =  g +  2 which is impossible as g is odd.
So m 2 ,q =  g +  1 for g odd. □
Some arithmetical constants for a A;-arc can be defined as follows.
let I =  [Ai/2]; then, for 0 <  z <  Z, 5'i is the number of points Q of index i.
If K is complete, 5o =  0; if incomplete, 6"o >  1. There are equations connecting
5'o, ^1 ,..., Si, obtainable in the following way.
I
Counting the points external to /c S{ =  0 2  — k.
0
Counting the external points, with repetitions,
on the 2-secants of k : Y^iSi =  (^)(g — 1).
0
Counting the external points of intersection
of two 2-secants of k : Q)6'i/2 =  K *) (*2 )^
0
Hence we deduce the following result 
L em m a 1 .5 .5
For a k-arc #c, let Si be the number of points of P G ( 2 , q) \  k  of index exactly i, 
then
Si =  q ^ - \ - q F l  — k (1)
Y , i S i ^ k ( k - l ) ( q ~ l ) / 2  (2)
^ i ( i  -  1 )5 . 7 2  =  3 /^  (3)
21
C h a p te r  1: G e n e r a l  I n t r o d u c t io n
P roof:
The equations express in different ways the cardinally of the following sets:
(1 ). {Q : Q G 7r\ k};
(2 ). {(Qj T) : Q € T \  /c, L is a bisecant of /c};
(3 ). { { Q , { L ,  L ’})  : Q G (T n L') \  K, L and L' are bisecants of k}. □
C orollary
jPor a 2 -secant t  o f k , let di be the number of points of index i lying on t  (but not 
on k); then
^ d i  =  q - 1
(4)
^   ^idj =  q — 1 +  (A: — 2)(A; — 3)/2 .
If the 2-secants of k. are P- where m =  k(k - l ) /2 ,  then
m
iS i =  Y ,< i-  (5)
r=l
The in d ex  a  of A;-arc k  is the smallest value of i for which Si ^  0  and the rank
/3 of /c is the largest value of i for which Si ^  0. Therefore
0 < a < / 3  <1.
If a  =  0, /c is incomplete; if a  >  0, /c is complete, a  =  (3 only if q is even, k =  q
4- 2 and a  =  g /2  +  1.
§ 1 .5 .3  T h e  P r o je c tiv e  p lan e PG(2,9)
L em m a 1 .5 .6
The plane PG{2 , 9)  contains 91 points, 91 lines, 10 points on every line and 1 0  
lines through every point (T h eo rem  1.2 .1 .)
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For convenience we label the elements 0, 1, 2, a , 2a, a^, 2a^, a^, 2a^ of GF(9) 
with the numbers 0,1,- • -, 8 respectively.
Given a cyclic projectivity A as in §1.2.5 on P G (2 ,9), let Pi be represented by 
the vector (1,0,0). Then P iA  =  Pi, z =  2,3, • • •, 91 are the 91 points of P G { 2 , 9). 
Writing i for Pi, the vectors of the 91 points of P G { 2 , 9) are given in the following 
Table:
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i P (i) i P (i) i jP(i) i P(i ) i P{i )
1 (1 ,0 ,0 ) 2 (0 ,1 ,0 ) 3 (0 0,1) 4 (1 ,8 ,0 ) 5 (0 ,1 ,8
6 (1 ,8 ,1 ) 7 (1 ,7 ,6 ) 8 (1 6,2) 9 (1 ,0 ,3 ) 10 (1 ,1 ,0
11 (0 ,1 ,1 ) 12 (1 ,8 ,8 ) 13 (1 3,8) 14 (1 ,3 ,3 ) 15 (1 ,1 ,8
16 (1 ,3 ,1 ) 17 (1 ,7 ,1 ) 18 (1 7,5) 19 (2 ,1 ,1 ) 20 (1 ,7 ,7
21 (1 ,5 ,8 ) 22 (1 ,3 ,5 ) 23 (1 2,6) 24 (1 ,6 ,4 ) 25 (1 ,4 ,1
26 (1 ,7 ,2 ) 27 (1 ,0 ,6 ) 28 (1 6,0) 29 (0 ,1 ,6 ) 30 (1 ,8 ,3
31 (1 ,1 ,4 ) 32 (1 ,4 ,5 ) 33 (1 2,5) 34 (1 ,2 ,3 ) 35 (1 ,1 ,5
36 (1 ,2 ,4 ) 37 (1 ,4 ,6 ) 38 (1 6,6) 39 (1 ,6 ,8 ) 40 (1 ,3 ,6
41 (1 ,6 ,5 ) 42 (1 ,2 ,7 ) 43 (1 5,1) 44 (1 ,7 ,3 ) 45 (1 ,1 ,3
46 (1 ,1 ,6 ) 47 (1 ,6 ,3 ) 48 (1 1,2) 49 (1 ,0 ,7 ) 50 (1 ,5 ,0
51 (0 ,1 ,5 ) 52 (1 ,8 ,4 ) 53 (1 4,3) 54 (1 ,1 ,7 ) 55 (1 ,5 ,2
56 (1 ,0 ,4 ) 57 (1 ,4 ,0 ) 58 (0 1,4) 59 (1 ,8 ,5 ) 60 (1 ,2 ,2
61 (1 ,0 ,8 ) 62 (1 ,3 ,0 ) 63 (0 1,3) 64 (1 ,8 ,6 ) 65 (1 ,6 ,1
66 (1 ,7 ,4 ) 67 (1 ,4 ,4 ) 68 (1 4,8) 69 (1 ,3 ,4 ) 70 (1 ,4 ,7
71 (1 ,5 ,3 ) 72 (1 ,1 ,1 ) 73 (1 7,8) 74 (1 ,3 ,7 ) 75 (1 ,5 ,4
76 (1 ,4 ,2 ) 77 (1 ,0 ,1 ) 78 (1 7,0) 79 (0 ,1 ,7 ) 80 (1 ,8 ,2
81 (1 ,0 ,5 ) 82 (1 ,2 ,0 ) 83 (0 1,2) 84 (1 ,8 ,7 ) 85 (1 ,5 ,7
86 (1 ,5 ,6 ) 87 (1 ,5 ,7 ) 88 (1 5,5)
89 (1 ,2 .8 ) 90 (1 ,3 ,2 ) 91 (1 0,2)
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Let Li  be the line which contains the points {1 ,2 ,4 ,1 0 ,2 8 ,5 0 ,5 7 ,6 2 ,7 8 ,8 2 } , then 
Li A =  Li,  i =  2,3,' • ', 90, are the lines of PG(2,9). The 91 lines are given by the 
rows in the following table:
L ines P o in ts T h e eq u ation
1 2 4 10 28 50 57 62 78 82 Z =  0
l 2 2 3 5 11 29 51 58 63 79 83 X  =  0
3^ 3 4 6 12 30 52 59 64 80 84 X  +  2 a Y  =  0
4 4 5 7 13 31 53 60 65 81 85 X  +  2 a Y  +  a^Z =  0
4 5 6 8 14 32 54 61 66 82 86 X  +  2 a Y  =  0
6^ 6 7 9 15 33 55 62 67 83 87 X  +  a ^ r +  = 0
7 8 10 16 34 56 63 68 84 88 X  +  2Y  +  2a^Z =  0
8^ 8 9 11 17 35 57 64 69 85 89 X + 2 a ^ Y  +  a^Z =  0
4 9 10 12 18 36 58 65 70 86 90 X  +  2Y  +  a^Z =  0
^ 1 0 10 11 13 19 37 59 66 71 87 91 X  +  2Y  +  Z =  0
4 i 11 12 14 20 38 60 67 72 88 1 Y  +  2Z =  0
12 13 15 21 39 61 68 73 89 2 X  +  2aZ  =  0
^ 1 3 13 14 16 22 40 62 69 74 90 3 X  +  =  0
^ 1 4 14 15 17 23 41 63 70 75 91 4 X  +  2 a Y  +  Z =  0
^ 1 5 15 16 18 24 42 64 71 76 1 5 Y  4- 2 a Z  - - 0
^ 1 6 16 17 19 25 43 65 72 77 2 6 X  +  2Z =  0
17 18 20 26 44 66 73 78 3 7 X  +  a Y  =  0
^ 1 8 18 19 21 27 45 67 74 79 4 8 X  +  2 a Y  +  2a^Z =  0
fl9 19 20 22 28 46 68 75 80 5 9 X  +  2a^Y +  2a^Z =  0
4o 20 21 23 29 47 69 76 81 6 10 X  +  2Y  +  a^ = 0
4l 21 22 24 30 48 70 77 82 7 11 X  +  Y  +  2Z =  0
4 2 22 23 25 31 49 71 78 83 8 12 X  +  a Y  +  a Z  =  0
4 3 23 24 26 32 50 72 79 84 9 13 X  +  a^Y +  a^Z =  0
4 4 24 25 27 33 51 73 80 85 10 14 X  +  2 Y  +  2 a^Z =  0
4s 25 26 28 34 52 74 81 86 11 15 X  Y2a^ +  a^Z =  Q
4e 26 27 29 35 53 75 82 87 12 16 X  Y  2ot  ^Z  — 0
4? 27 28 30 36 54 76 83 88 13 17 X  +  2a^Y +  2a^Z =  0
2^8 28 29 31 37 55 77 84 89 14 18 X  +  2a^Y +  2Z =  0
4  9 29 30 32 38 56 78 85 90 15 19 X  + a ^ Y  +  a^Z =  0
4o 30 31 33 39 57 79 86 91 16 20 X  +  2 a^Y +  Z =  0
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L ines P o in ts T h e eq u a tio n
3^1 31 32 34 40 58 80 87 1 17 21 r  +  2a ^ Z  =  0
3^2 32 33 35 41 59 81 88 2 18 22 X  + a ^ Z  = 0
3^3 33 34 36 42 60 82 89 3 19 23 x  +  r  =  o
3^4 34 35 37 43 61 83 90 4 20 24 X  + 2 a Y  + 2a Z  = 0
3^5 35 36 38 44 62 84 91 5 21 25 X  + a ^ Y  + Z  = 0
3^6 36 37 39 45 63 85 1 6 22 26 Y  + a ^ Z  = 0
3^7 37 38 40 46 64 86 2 7 23 27 X  + 2 c ^ Z  ~  0
3^8 38 39 41 47 65 87 3 8 24 28 X  +  2 a ^ Y  =  0
3^9 39 40 42 48 66 88 4 9 25 29 X  + 2 a Y  + 2 a ^ Z  =  0
4^0 40 41 43 49 67 89 5 10 26 30 X  + 2 Y  + 2 a Z  =  0
4i 41 42 44 50 68 90 6 11 27 31 X  - ^ o ? Y  Y 2 o ? Z  = Q
42 42 43 45 51 69 91 7 12 28 32 X  + 2 a ^ Y  +  Z  = 0
43 43 44 46 52 70 1 8 13 29 33 Y  + 2 a ^ Z  =  0
44 44 45 47 53 71 2 9 14 30 34 X  + a ^ Z  = 0
4s 45 46 48 54 72 3 10 15 31 35 X  + 2 Y  = 0
4 6 46 47 49 55 73 4 11 16 32 36 X  -f- 2 a y  +  a Z  = 0
4r 47 48 50 56 74 5 12 17 33 37 X  + a ^ Y  + 2 a ^ Z  = 0
4s 48 49 51 57 75 6 13 18 34 38 X  +  2 a ^ Y  +  q 2  =  0
4 9 49 50 52 58 76 7 14 19 35 39 X  + oc^Y -f" = 0
4o 50 51 53 59 77 8 15 20 36 40 X  + +  2 2  = 0
4i 51 52 54 60 78 9 16 21 37 41 X  + ocY +  oc^  Z  = 0
42 52 53 55 61 79 10 17 22 38 42 X  + 2 F  + 2 a Z  = 0
43 53 54 56 62 80 11 18 23 39 43 X  +  a ^ r  +  2a^2 =  0
44 54 55 57 63 81 12 19 24 40 44 X  +  2a" y  +  a^2 =  0
4s 55 56 58 64 82 13 20 25 41 45 X  4" o l Y  +  Z =  0
4ô 56 57 59 65 83 14 21 26 42 46 X  +  2 a ^ y +  2a=2 =  0
4? 57 58 60 6 6 84 15 22 27 43 47 X + 2 a ^ y +  2a^2 =  0
4s 58 59 61 67 85 16 23 28 44 48 X  +  2 a ^ Y  +  2 a Z  =  0
4g 59 60 62 68 86 17 24 29 45 49 X  +  a = y  + a Z  =  0
4 o 60 61 63 69 87 18 25 30 46 50 X  +  o ^ Y  +  2 0:2 =  0
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L ines P o in ts T h e eq u ation
6^1 61 62 64 70 88 19 26 31 47 51 Y-i-2a'^Z =  0
6^2 62 63 65 71 89 20 27 32 48 52 X  +  a^Y +  2 a'^Z =  0
6^3 63 64 66 72 90 21 28 33 49 53 X  +  2a^Y - ha Z  =  0
■^64 64 65 67 73 91 22 29 34 50 54 X  +  a ^ Y - h Z  =  0
6^5 65 66 68 74 1 23 30 35 51 55 Y - h a ^ Z  =  0
6^6 66 67 69 75 2 24 31 36 52 56 X Y 2 a^Z =  0
6^7 67 68 70 76 3 25 32 37 53 57 X  +  2a^Y =  0
6^8 68 69 71 77 4 26 33 38 54 58 y +  2a^Z =  0
6^9 69 70 72 78 5 27 34 39 55 59 X A a Y - h 2 a^Z =  0
7^0 70 71 73 79 6 28 35 40 56 60 X - h 2 a ^ Y - i - 2 a ^ Z  =  0
7^1 71 72 74 80 7 29 36 41 57 61 X  +  2 a ^ r  +  2aZ  =  0
7^2 72 73 75 81 8 30 37 42 58 62 X  Y a ^ Y  +  a^Z =  0
7^3 73 74 76 82 9 31 38 43 59 63 X Y Y  +  a^Z =  0
7^4 74 75 77 83 10 32 39 44 60 64 X  Y  2 Y  Y  2 Z =  0
7^5 75 76 78 84 11 33 40 45 61 65 X Y c c Y  Y  2 a Z  =  0
7^6 76 77 79 85 12 34 41 46 62 66 X  +  a ^ y +  2Z =  0
7^7 77 78 80 86 13 35 42 47 63 67 X  -f- a Y  y  2Z +  0
7^8 78 79 81 87 14 36 43 48 64 68 X  y  a Y  y  Z =  0
7^9 79 80 82 88 15 37 44 49 65 69 X  y  a Z  =  0
8^0 80 81 83 89 16 38 45 50 66 70 X  +  a Y  +  a^Z =  0
8^1 81 82 84 90 17 39 46 51 67 71 X  +  Y  +  a^Z =  0
8^2 82 83 85 91 18 40 47 52 68 72 X + Y + Z = 0
8^3 83 84 86 1 19 41 48 53 69 73 Y  +  Z =  0
4 4 84 85 87 2 20 42 49 54 70 74 X  +  a Z  =  0
4  5 85 86 88 3 21 43 50 55 71 75 X  +  =  0
8^6 86 87 89 4 22 44 51 56 72 76 X  +  2 a Y  +  2a^Z =  0
8^7 87 88 90 5 23 45 52 57 73 77 X  +  2a= y  +  2Z =  0
4 8 88 89 91 6 24 46 53 58 74 78 X + a Y + Z = 0
4 9 89 90 1 7 25 47 54 59 75 79 X  +  a Z  =  0
9^0 90 91 2 8 26 48 55 60 76 80 X  Y Z =  0
4 l 91 1 3 9 27 49 56 61 77 81 Y  =  0
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§ 1 .6  C onics
As in §1.3, let Q(2,q) be the set of quadric in PG(2,q); that is, the varieties V (F ),  
where
F =  aooXo +  a iiX i +  a.2 2 ^ 2  +  aoiXoXi +  ao2XoX2 +  ai2XiX2
Then by T h eo rem  1 .2 .1
1Q(2, g)| =  0(5, q) =  (g® -  l ) / ( g  -  1).
D efin itio n  1 .6 .1
A non-singular quadric in PG(2,q) is called a conic, i.e. for a conic V (F ) is 
non-singular.
If in P G (2 ,g), V (F )  is singular, then F can be reduced to a form in one or 
two variables and the various types of form correspond to the quadric in Q{l ,q) ,
T able 1.6 .1
C anon ica l F D escr ip tio n  o f  
quadric
N u m b er  o f  
elem en t in  orb it
sin gu lar (a)
(b)
(c)
xg
XoXi
Xq +  axoXi +  bXj 
irreducible
repeated line 
pair of
distinct lines
a point
(a pair of conjugate
lines in PG(2,q^)
with just their meet
in PG(2,q
g^  +  g +  1 
ç(ç +  l)(ç^ +  Ç +  l ) /2
9 ( 9  -  i)(g^ +  9 +  1)/2
n on -sin gu lar +  %1%2 conic, consisting of 
q-hl points no 
three are collinear
9 ® -  g^
T h eo rem  1 .6 .1
The 0(5, g) elements o f Q(2,  g) fall into four orbits under PGL(3, q)  as in Table  
( 1.6.1)
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P roof: See HirschfelS^^ P. 141. □
C orollary
In PG{2,  q) with q >  4 there is a unique conic through a 5-arc.
P roof: See HirschfelS^^ P. 141. □
L em m a 1 .6 .2
If a conic contains one point, it contains exactly  q-f I points.
P roof: See HirschfelS^^ P. 141. □
L em m a 1 .6 .3  Every conic in PG(2,  q) is a (q+1 )-arc.
P roof: See HirschfelS^^ P. 142. □
C oro llary  A conic in P G ( 2 ,q) has the following canonical forms:
{Jj V ( x g + X 1X2 ) allq ;
(2 ) V (xg -  X1X2 ) all q;
(3) V (aoxg +  a ix j  +  agx^) agaïUz 7  ^ 0, q odd;
(4) V (xg +  X? +  x | )  q odd.
P roof: See Hirschfeld^^  ^ P. 142. □
T h eo rem  1 .6 .4
Let C be a conic in PG (2 ,q), q odd, and let P  be a point not on C . Then the set 
of points Q such that
(1 ) PQ  is a bisecant of C
(2 ) if  P Q n  C =  {R , S }  then H(P,Q; R,S), 
lies on the polar of P  with respect to C .
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P roof: See HirschfelS^^ P. 169. □
L em m a 1 .6 .5
In P G (2 ,q) for q odd, every point off the conic C lies on exactly two or no tangents 
o f C.
P roof; See Hirschfeld^^h □
A point of PG(2,q) is called external or internal to C according as it lies on two 
or no tangents of C .
Hence, with respect to C , the +  q +  1  points of PG{2,  q) are partitioned into 
three classes:
(1 ) q+1 points on C ;
(2 ) q (q + l)/2  external points;
(3 ) q (q -l)/2  internal points.
C also exhibits a dual property. The +  g +  1 lines are partitioned into three 
classes with respect to C :
(1 ) q+1 tangents;
(2 ) q (q + l)/2  bisecants;
(3 ) q (q -l)/2  external lines.
T h eo rem  1 .6 .6
The polar I of p  is the tangent to C at p, an external line, or a bisecant according 
as p  is a poin t o f C , an internal point, or an external point.
P roof: See Hirschfeld^ '^i P. 170. □
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D efin ition :
A self-polar triangle of C is a triangle each of whose vertices has the opposite side 
as polar.
Let C l =  { The internal points of C or I-points } and 
C e =  { The external points of C or E-points }.
T h eo rem  1 .6 .7
For a conic C in PG (2 ,q), q odd, the following are the types and the numbers of 
self-polar triangles.
(1 ) q = l  (m od  4)
(a) E E E g(g2 _  l)/2 4 ;  
fh; E l i  g(g:^  -  l) /8 ;
(2 ) q =  -1 (m o d  4)
W  I I I  g ( g 2 - l ) /2 4 ;
(b) E E I  g(g2 _  l) /g .
P roof: See Hirschfeld^^  ^ P. 172. □
T h eo rem  1 .6 .8
Let A, B, C, D be four points forming a harmonic set of a conic in PG(2,9), then
(i) order is irrelevant.
(ii) The triangle o f diagonal points (which is necessary self polar) has three 
External vertices.
P roof:
In PG(2,3) let A, B, G, D be respectively (1,0,0) (0,1,0) (0,0,1) (1,1,1)
The four conics of the pencil of the conic in PG(2,3) through these are three lines 
pairs with vertices X (0,1,1) Y (1,0,1) Z (1,1,0)
Then the non-singular conic C is x y  +  yz +  xz =  0.
By symmetry X, Y and Z are either all interior or all exterior to C .
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But XY is the polar of Z with respect to C , and XY is the line x  +  y  =  z, and 
XY meet the conic C where y^ =  2z^.
In GF(3^) 2 is square, therefore XY is interior line. Hence Z is E-point. By the 
symmetry X and Y are E-points.
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§ 1 .7  T h e  6-arc in  P G (2 ,9 )
By the definition of a k-arc, given a 5-arc /c, a 6-arc is constructed by adding a 
point to K which is not on any bisecant of k . The 6-arcs constructed in this way 
are not necessarily all protectively distinct.
The line P G ( 1 , 9) contains ten points. Each point is represented as an element of 
G P(9) or the point at infinity. Therefore
P G (1,9) =  {0, ± 1 , ± a ,  ±q:^, ±a^} U {o o }
where -1 =  2 and a  is a root of the following equation;
+  2 x +  2  =  0 .
There are =  210 tetrads on P 6?(l,9) of which 
9(9^-l)/24 =  30 are harmonic. (Lemma 1.4.5) 
and 210 - 30 =  180 are non-harmonic.
Let {oo, 0, 1, Xi} be a harmonic tetrad, with cross ratio x\ thus x\ =  -1.
Also let {oo, 0, 1, X2 }  be a non-harmonic tetrad with cross ratio X2 , in which
case
X2 E { i a ,  +a^, ±a^ }.
A harmonic tetrad has projective group S^. And the non-harmonic tetrad has 
projective group Z2  X Z2  Hirschfeldt®^
L em m a 1 .7 .1
If  {A, P; G , D }  =  —1 then any perm utation of  {A, P; C , D }  has cross-ratio equal 
to -1 .
P r o o f
If {A, P; C , D }  =  \  =  - 1 ,  then,
l / A  =  1 -  A =  1 -  i  =
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^  = A  =  - 1 .
1 - A  A - 1
T h eo rem  1 .7 .2
On a projective line over GF(q) we can find a set of five points such that no four  
are harmonic.
P r o o f
Let {A , B; C, D } =  {o o ,0 ,l,o :}  where a  E GF(9);  it is clear that
if {o o ,0 ,l,o ;}  7  ^ —1 then a  7  ^ —1 . Let choose E =  a.  ^ therefore, { 0 0 , 0 , 1 , a , a^}
is non-harmonic pentad.
Also none of the five tetrads below is harmonic 
{ 0 0 , 0 , 1 , a }  =  a  ^  —1 { 0 0 , 0 , 1 , 0 : }^ =  7  ^ —1
{ 0 0 , 0 , 0 , 0 ^} =  —1 , { o o ,l ,a ,a ^ }  =  7  ^ —1
{0, l ,a ,a ^ }  =  a  7  ^ - 1
Thus there exists a set of five points of a projective line which contains no 
harmonic set.
N o ta tio n
If a pentad p contains a harmonic tetrad it is called a h a r m o n i c  p e n t a d .
If a pentad p contain a harmonic tetrad { 0 0 , 0; 1 , —1 }; therefore the number
of harmonic pentads is 6 x 30 =  180. And the number of non-harmonic pentads 
is C(10,5)-180 =  72.
Let Fl =  {oo, 0, 1, —1} be a harmonic tetrad. Then the eight 
permutations,
{ / ,  ( P 1 P 2 K P 3 P 4 ) .  ( P 1 P 3 X P 2 P 4 ) ,  ( P i P 4 ) ( P : P 3 ) ,  ( P 1 P 2 ) ,  ( P 3 P 4 ) ,
(Pi P4P2P3),(P i P3P2P4)}
given by the following projctivities,
t (t +  l ) / ( t  +  2), (1 +  2 f ) /( l  + 1), 2/Z, 2Z, (1 +  t ) / ( l  +  2Z), (/ +  2)/(Z +  1) 
fix Fl.  Under these respective projectivités,
a  —> a , 2 a^, , a , a^, 2 a , 2 o^, 2 a
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And let F2 — {oo, 0, 1, a }  be a non-harmonic tetrad. By § 1 .4 .2  the
cross-ratio of any permutation of four points can only take at most six values
namely
1 1 A A - 1
A’ Â 3 T ’ T T T ' n r
let A =  a; then the remaining five values of the cross ratios are 
l / a  =  2 a^, l - a  =  a®, +  =  2a, ^  ^  =  2a^
therefore, the cross-ratio, of F2  as an ordered tetrads are ±a^ , ±a^ , —a
Let T  be any arbitrary non-harmonic tetrad; thus T has one of the six values as 
a cross ratio, therefore T is protectively equivalent to F2 , this means that all the 
non-harmonic tetrads are projectively equivalent.
Now we consider the group of projectivities fixing Pi; G^(Pi), which consists of 
the following permutations
{/, (P1P2KP3P4), (P1P3KP3P4), (P1P4KP2P3)}
given by the respective projectivities
a  t — a  a ( l  — f)
7’
I  : t  t identity let a : t —> j  then
: a / t  ^  : t t
let b : t then : t t
Thus G{Fi)  S  Z2 X Z j.
Under these projectivities the other points of P G (1 ,9) are divided into two orhits
(1) {2, 2«, o \  20=}, (2) { a \  2a ’ }.
Therefore, we may take as canonical harmonic and non-harmonic pentads 
respectively.
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§ 1 .7 .1  H arm on ic  p en ta d s
If a pentad p i contains a harmonic tetrad P i, then there are six projectivities 
which fix Pi and which are transitive on the other six points of the line. So 
all pentads containing a harmonic tetrad are projectivity equivalent and will 
be called h arm on ic  p en ta d s. The number of harmonic pentads is therefore 
6 X 30 =  180, and each has projective group Z 4 . Let Pi =  {00 , 0, 1, —1},
then the harmonic pentad is
Pi =  {00 , 0, 1, - 1 ,  a }
§ 1 .7 .2  N o n -H a rm o n ic  P en ta d s
The number of non-harmonic pentads is C(10,5) - 180 =  72. Given a non­
harmonic tetrad P2 =  {00 , 0 , 1, a }  there are four points on the line each
of which added to Pi makes a harmonic pentad. So P2 lies in two non-harmonic 
pentads P2 U {P} and P2  U {Q} and { P ,Q }  = {a^ ,2a^ }; so the projectivity 
t -4- a  +  OL^ t transforms { 0 0 ,0 , 1, a , a^} to  {00, a , 1, 2a^, 0}. Thus the non­
harmonic pentads are projectively equivalent.
From T h eo rem  1 .2 .2  we get p (2 ,9) =  9 x  80, so each non-harmonic pentad has a 
projective group G of order 9 x 8 0 /7 2  =  10, therefore, G =  D 5 . The non-harmonic 
pentad is
p2 =  {00 , 0 , 1, 0£, a^}
All conics are projectively equivalent and there are two projectively distinct
pentads on a conic. As a 5-arc uniquely determines a conic, there are two
projectively distinct 5-arcs, (harmonic and non-harmonic). Let
C =  {P (t)  =  (1, a=/(t -  a), 1/t) : t E (7P(g)}
And let H i =  {P (f)  : t E p i}  H 2 =  {P (f) : t E P2}
so the harmonic 5-arc is H i =  { U q , P i ,  P2 , P, P ( l ,  2a, 2)}
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and the non-harmonic 5-arc is H 2 =  {Po, P i, P 2 , P, P ( l ,  2 a^)} 
The projective group of the harmonic 5-arc is
Ti =
Ta =
element
1 0  1 
1 2q3 0
1 0  0
0 0 1 
0 a 2 a  
1 0  2
1 0 2 
2 a a^ 2  
2 0 2
symbol
(1453)
(1354)
(13)(24)(56)
and this group is isomorphic to Z4 , see Hirschfeld^®^.
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And the projective group of the non-harmonic 5-arc is D 5 and the elements of 
this group are the following:
symbole
(13425)
To =
1 a  0
1 2  0 
1 2 a= 2 a
2 a 0 0
1 0 2 a^
a^ 2 0
element symbole elment
0 0 1 0 1 2
Ti = 0 a^ 0 (13)(45) T2 = 0 a^ 2
2a^ 0 0 2a: 2aZ 2
1 a  0 0 0 2a^
Î3 = 1 0 2a^ (14532) Ti = 2a 0 a
1 0  0 0 1 2
2a 2 a^ a  1 2a^
Î5 = 1 2  0 (15243) Te = O l a
o f 2  0 0 1 2
(14)(25)
(15)(23)
=
I  =
0 1 2
1 0 2
0 0 2
1 0 o \
0 1 0
0 0 1
(12354)
(24)(35)
(12)(34)
From § 1.5.5 the number of points on no bisecant of a 5-arc H is 5o == 21; of these 
five lie on the conic through H . Thus through each of H i and H 2 the number 
of 6 -arcs not on C is 16. It takes only a little calculation to show that the 6 -arcs 
can have ten, four, three, or two B-points and the number of each type through 
H i and H 2
This group divides the 16 points which are not on 2-secants of the non-harmonic
5-arc into four classes:
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(1) C l =  {P(13), P ( 2 1 ), P(73), P(39)}
(2) =  {P(34), P(23), P(74), P(41)}
(3) 0 3  =  {P(40), P(84), P(59), P(47)}
(4) C 4  =  { P ( 3 6 ) ,P ( 6 6 ) }
(5) C s = { P ( 5 2 ) ,P ( 7 5 ) } .
Therefore there are five projectively distinct 6 -arcs.
And the projective group Z4 of a harmonic 5-arc partitions the points which are 
not on 2-secants of the 5-arc into 4 classes as follows:
(1) C l  =  {P (4 2 ) ,P (5 2 ) ,P (5 5 ) ,P (2 2 ) ,P (5 3 )} ,
(2) C3 =  {P(34), P (6 8 ), P(13), P(24), P(87)},
(3) C 3  =  { P ( 8 ), P ( 2 1 ), P (39) ,  P(32) ,  P (84)} ,
(4) C 4  =  {P(70)}_
K 2  =  {Uo,  U i ,  U 3 , U ,  P ( l , 2 a , 2 ), P ( l , a , 2 a ’ )}
K3 =  { U o, U i , Uz ,  P ( l , 2 a , 2 ) ,  P ( l , 2 , a ) }
K 4  =  {Uo, U i ,  Uz,  U ,  P ( l , 2 a , 2 ) ,  P ( l , 2 , 2 a)}
K + { U o ,  U i ,  U z ,  U ,  P ( l , 2 a , 2 ), P ( l , a = , 2 a ) }
Let n  =  {Uq, U\,  U2 , U, V, W }  be a 6 -arc. Then,as no coordinate of V
or W can be zero, we may write
V =  P ( v - \  w  =  P (w ^ \w ^ \w ^ ^ ) .
Then the conditions that /c is a 6 -arc are
J J  (Ux -  V j ) [ w i  -  W j ) { v i / V j  -  W i / W j )  ^  0,
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1 1 1
—1 -1 -1
0^ 2^-1 —1 — 1Wq Wi ^2
f  0.
Let !Pi and 1P2 be projectivities leaving each of Uq, Ui , U2 fixed and such that
=  V, and W ^ 2  =  V.
Let V ^ i =  Vi and V ^ 2  =  ^2 -
L em m a 1 .7 .3
The 6 -arc X  lies on a conic if  and only if  VVi =  VV 2 , in which case VVi is the 
tangent to the conic at V.
P ro o f. See Hirschfeld^^  ^ P. 188. □
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§ 1 .8  (k ,n )-a rcs  
D efin it io n  1 .8 .1
A (k,n)-arc /c in PG(2,q) is a set of k  points such that some n, but no n + l  of them  
are coUinear. A line t  in PG(2,q) is an i-secant of a (k,n)-axc k  i i  \lC\ n\ =  i. Let 
Ti be the total number of i-secants of the (k,n)-arc k  in PG(2,q), let pi =  pi{p) be 
the number of i-secants through a point p of /c and let (Ti =  <Ti{Q) be the number 
of i-secants to K through a point Q of PG (2, q) \  K .
L em m a 1 .8 .1
Let K be a (k,n)-arc in PG(2,q). Then the following equations hold:
+  q +  1
1=0
n
( 1 )
1 )
1=1
n
(2)
— l ) n  — k{k — 1 )
1=2
n
(3)
^  Pi =  q- \ - l  
i=l
n
(4)
^ ( i  -  l )pi  =  k - \  
1=2
n
(5)
^  =  q -f 1 
1=0 
n
(6)
^   ^icTi =  k 
i=l
(7)
in  =
p
(8)
(9 + 1  -  i)Ti =  g-j
Q
(9)
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P roof:
(1) This equation counts the lines in PG(2,q).
(2 ) counts in two ways the number of ordered point-line pairs (p,L) 
such that p Ç: LC\ K.
(3 ) counts in two ways the number of ordered pairs 
where p i , P 2 G L D k.
(4 ) counts the lines in PG(2,q) through a point p of ic.
(5 ) counts in two ways the number of ordered point-line pairs (p,L), 
where p G #c.
(6 ) counts the lines in PG(2,q) through a point Q G 7t \ k .
(7 ) counts in two ways the number of ordered point-line pairs (Q,L),
where Q £ 7t \ k . □
D efin itio n  1 .8 .2  :
(1 ) If the only i for which n  ^  0 are m i ,m 2 , ...,m r ,n , then k  is said to 
be of type (m i,m 2 , . . . , m r , n ) .
(2 ) In particular if the only i for which n  ^  0 are (m ,n ), then k, is of type 
(m ,n ). The maximum value of k for which a (k,n)-arc exists in PG(2,q) will 
be denoted by 771(71)2,g• It is clear that
( 1 )  771(1)2,g =  1 ( 2 )  m { q  + 1)2 ,q =  +  q  +  l
In the following we shall assume that 2 <  n <  q.
T h eo rem  1 .8 .2
(i) 77i(?i)2,g < { n -  l )q  +  71,
(ii) For n <  q, equality in (i) can occur only i f  n /q .
Proof:
(i) Let K be a (k,n)-arc. If i  is an n-secant of k  then consider a point on £,
P say.
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Through P there are q lines other than f , each of these lines contains at most n-1 
other points of k . Thus k < ( n  — l)q  +  n.
(ii) If equality holds in (i), then the proof of (i) shows that every line passing 
through a point of k, must be an n-secant, so k has only n-secants and 0-secants. 
Let Q be a point not in k . Then k =  nt where t is the number of n-secants 
through Q.
Thus n is a divisor of k and so is also a divisor of q. □
For A; =  (n — l)q  -f n, a (k,n)-arc k  is known as a maximal arc.
i.e. a (k,n)-arc k, is maximal if and only if every line of PG(2,q) is a 0-secant or
n-secant.
T h eo rem  1 .8 .3
In PG(2jq),  g =  3  ^ and h >  1, there are no (2q -j- 3)-arcs.
P roof; See Thas^^^K □
C orollary
There do not exist a n y  (q(q - 2)/3 ,q/3)-arcs in PG(2,q), q =  3  ^ and h >  1 . 
C orollary
A ny (k,3)-arc in PG (2, q), q >  3, satisûes A; <  2q +  1.
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(k,n:f)-arc of two characters
C h a p te r  2: (k ,n ; f ) -a r c «
§ 2.1 D e fin itio n s  and  T h eorem s:
Let 7T be a projective plane of finite order q and denote by P  and R  respectively 
the sets of points and lines of tt. Let /  be a function from P  into the set N  of 
non-negative integers and call the weight of p G P  the value /(p ) and the support 
of /  the set of points of the plane having non-zero weight.
Using /  we can define the function F :R  N  such that for any r £ R
F(r) =  y ]  f(p )
pGr
We call F (r ) the weight of the line r.
D efin itio n  2.1 .1:
A (k,n;f)-arc of the plane t t  is a subset K  of the points of the plane such that
(i) k is the support of / .
(ii) k =  \K \
(iii) n =  max{ F{ r )  : r £ R}
Observe that a (k,n)-arc /c is a (k,n;f)-arc if /  is chosen by 
D efin itio n  2.1 .2:
The underlying arc K '  of K  is the (A;,n')-arc consisting of the points of K .  
D efin itio n  2.1.3:
The characters of a (k,n;f)-arc are the integers U (|t*j ^  0) which denote the 
number of lines of weight i for i =  0 ,1, • • •,  n.
U is the number of i-secants, i =  F(l)  for a line 1. Tallini-scafatif^®^
D efin itio n s 2.1.4:
(1 ) Ij =  the number of points having weight j for j  =  0 ,1 , "  - ,w  (where
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w =  maxf{p) ) .
(2)
(3)
k =  ^ 2  h"» by counting the points of weight j. 
i= i
W  =  by counting the total weight of K.
j=i
(4 )
Qf =  1 +  q -f- +  ••• +  q*
(5) V / =  the number of lines of weight i through a point of weight j. 
D efin itio n  2.1.5:
A (k,n;f)-arc is called monoidal if Im /  =  {0 ,1 , it;} and =  1.
L em m a 2 .1 .1
^ F ( I ) = W  +  q f(p )
lE[p]
for a point p, [p] denotes the set of lines passing through p.
P roof:
Let p be any point of weight s =  f(p).
Then if Z is a line through p contribution to the weight F(Z) 
of I by the point of I besides p is F(Z) - s.
Every point of K lies on some line through p, and only on one, whence
W =  Y ^ ( F { l ) - s )  +  a
'EM
There are q +  1 lines through p so that
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P roof:
3=2
We previously noted k =  X^(Zj) and W  =  j l j
3 = 1  j=i
whence, subtracting we get
k =  w - Y , U - i ) h
3 = 2
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□
□
C h a p te r  2: (k ,n ; f ) -a r c a
§ 2 .2  (k ,n ;f)-a rcs  o f  ty p e  (m ,n )
We now consider the particular case of a (k,n;f)-arc K having only m-secants and 
n-secants, where 1 <  m <  n — 1 .
L em m a 2 .2 .1
The weight W  of a (k,n;f)-arc K  of type (m,n) satisfies
m (q +  1) <  W  <  (n -  w )(q  -f 1) +  w
P roof:
Let P be any point such that f(P) =  w, counting the weights of lines through P 
gives
W <  (q -f l)(n  — w) -f w.
If Q be a point and f(Q) =  0, counting the weights of the lines through Q, we get
W >  (q -f l)m .
□
D efin it io n  2.2.1:
We call arcs for which the values in Lemma 2 .2 . 1  are attained maximal and 
minimal (k,n;f)-arcs of type (m,n) respectively.
T h eo rem  2 .2 .2
Let K  be a (kyii;f)-arc of type (m,n), m  >  0 and let p  be a point having weight s. 
Then are determined independently of p  and are given by
(n -  m )V ^  = ( n -  s)(q  +  1) -  (W  -  s)
(n — m)V® =  W  — s — (m  — s)(q  -f 1)
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P roof:
By counting the lines through P we get;
V L + V » = q  +  1 (i)
and by counting the weights of the lines through P we get;
mVL +  n v ;  =  y ;  F (f) =  W +  qf(P) (ii).
€^[P]
Putting f(P) =  s and then multiply (i) by n and subtract from (ii) gives 
(n — m)Vrn =  n(q +  1) — W — qs =  (n — s)(q +  1) — (W — s) 
as required.
Also multiply (ii) by m and subtract from (i) gives
(n — m)V% =  m(q +  1) — W — qs =  W — s — (m — s)(q +  1 )
□
From the above theorem we have
W =  (n — m)V^ 4- (m — s)(q +  1) +  s (iii)
w
but we proved that k =  W  — (j — l)Zj so that
3 = 2
w
k =  (n -  m)V* +  (m -  s)(q +  1) +  s -  y ] ( j  -  l)lj
j =  2
In particular there is at least one point of weight 0, i.e. a point not on K, hence
w
k =  (n -  m)V“ +  m(q +  1) -  -  l)lj
j = 2
Let i j  be distinct elements of Im f with j >  i, i.e. there are points of weights i J 
with j >  i. From equation (iii)
W =  (n -  m )V i 4- (m -  j)(q +  1) +  j (iv)
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=  (n -  m )V i +  (m -  i)(q +  1 ) 4  i (v)
whence
( n - m ) ( V i - V L ) = q ( j - i )  (vi)
C oro llary
A necessary condition for the existence of a (k,n;f)-arc K  of type (m,n), m  > 0  is 
that
q =  0 m od  (n -m )
P roof:
The equation (v i) is valid for any i and j. In particular it must hold for the case 
i =  0 and j =  w giving
(n -  m )(V” -  V") =  qw 
It also must hold for the case i =  1 and j =  w giving
( n - m ) ( V : - V i )  =  q ( w - l )
Subtracting gives
( n - m ) ( V i - V ; )  =  q 
hence the corollary is proved. □
T h eo rem  2 .2 .3
For the existence o f a (k,n;f)-arc K  of type (m,n) it  is necessary that w  <  n — m. 
P roof:
From the previous corollary we obtained the following equation
(n -  m )(V* -  V“) =  qw
whence
V° =n * n (n — m) 
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So, there are two cases to consider
(a ) Y °  >  1. Then V» -  ^  >  1
But the number of lines through every point is (q+1).
Hence <  (q +  1). But this means
whence q >
So  ^ we have
w <  n — m
(b ) V “ =  0. Then =  ^
Now V" <  (q +  1 ). If V” <  (q +  1 ) then V "  <  q and hence 
^  9. from which w  <  n — m.
We thus only have to consider the case V ° =  0  and =  q +  1.
In this case, through a point of weight w pass only n-secants, and since through 
a point of weight 0 pass no n-secants, on such lines are no points of weight 0 . 
Hence, because every point of the plane is joined to a given point of weight w by 
some line, there are no points of weight 0 ; that means, every point of the plane
belongs to the arc K, which is a contradiction so that this case cannot occur and
the theorem is completely proved. □
L em m a 2 .2 .4
For a (k,n;f)-arc of type (m,n) with m >  0 we must have
m  <  n — 2
P r o o f
If w  >  2  then by the previous theorem we have 2  <  w  <  n — m  
whence m  <  n — 2 .
Suppose w =  1 , then we have the case of (k,n)-arc. Suppose that we can find a 
(k,n)-arc K q such that m =  n - 1; let P be a point of K q through which there
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pass o t  n-secants and /3 (n-l)-secants of K q . then « ,  f3  are fixed and non-zero 
and, counting lines through P we get;
a  + /3  =  q +  1
and counting points of K q on lines through P
(n — l ) a  +  (n — 2)/3 =  k  — 1
Elemenating ct gives
^  =  nq +  n — q — fc >  1 . (i)
Let Q be a point not on k through which there pass «o n-secants and /3o (n-1 )- 
secants; then
+  Po =  q +  1
From which
u t t o  +  ( n  — l ) / 3 o  — k
/3o  = n q  A n  — k < q - \ - l  (ii)
From (i) & (ii) we obtain
nq +  n — fc =  q +  l
whence k  =  { n  — l)(q  +  1 )
/3 =  1 , a  =  q /3o =  q +  1, « 0  =  0.
It follows that no point not on Kq lies on any n-secant, i.e. on an n-secant are 
only points of K q which is impossible. Hence K q can not exist so m n-1. i.e. 
m  <  n  — 2 .  □
T h eo rem  2 .2 .5
Let K  be a (A;,n; {iu%})-arc in a plan of order q. If any 3 points of K  of weight 
greater than one are non-coUinear, there exists a line in the plane which is neither 
an n-secant nor an external line for K .
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P r o o f  See Barnabei^^^. □
T h eo rem  2 .2 .6
Let K  be a (k ,n;f)-arc o f type  ( t i  =  m ,- - - j ty  =  n) for which the maximum  
weight of any point is w . Define a new  ( k \  n ; f')-arc K by  f '(P ) =  w  — f(P )  
for each point P  in the plane. Then K  is maximal if, and only if, K  is minimal.
P r o o f
Suppose that K  is a minimal (k ,n;f)-arc of type (m ,n ).
Using f'(P ) to define the function F' : R  N  such that for any r G R  gives
F'(r) =  y ]  f'(P ).
Per
Let P  be a point such that f(P )  =  0 ; then f'(P ) =  w; it follows that; the number 
of points of weight 0 of K  is equal to the points of weight w  of K  , i.e. Iq =  1^. 
If Q is a point such that f(Q ) =  w  then f'(Q ) =  0 , it is clear that w' =  w.
Suppose that the weight of K' is W% then
w '  =  y ] f ' ( p )  =  y ] ( w - f ( p ) )
PGtt PGtt
=  ^  w  -  ^  f(p ) =  (q^ +  q +  l ) w  -  W .
PGtt PGtt
For any line i
F'ii) = f'(p) = EC’" - f(P)) = E - E f(p) = (q+1)^  - F(4
PG/ PG/ PG/ P e l
Suppose that f  is an n-secant with respect to K ( i.e f(f) =  n) then;
F '(f) =  (q +  l ) w  -  n.
Suppose that is m-secant with respect to K then; F '(fi)  =  (q +  l ) w  — m.
For any other lines f.2 of weight t;, n >  ti >  m  we get F '(f2 ) =  (q +  l ) w  — ti and
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F'(f) >  F'(fz) >  F ' (4 ) .
Hence K' is (k', n'; f')-arc of type (m ', n'). Now
W  =  (q^ +  q +  l ) w  — W  =  (q^ +  q +  l ) w  — m (q  +  1 )
=  q^w +  qw  +  w  — qm  — m  =  q^w +  qw  +  qw  +  w  — qm  — m  — qw  
=  q(qw  +  w  — m) +  (qw +  w  — m) — qw =  (qw  +  w  — m )(q  +  1 ) — qw
=  n'(q +  1 ) -  qw'
this means that K' is a maximal (k% n'; f  )-arc. of type (t^ =  m', • • •, ty =  n') 
Similarly given K  a maximal (k,n;f)-arc of type ( t i  =  m , • • •, ty =  n), 
with r  defined as: f'(P ) =  w  — f(P ); we obtain a minimal K' of type
( t i  =  m', • • •, ty =  n'). Hence the theorem is proved. □
§ 2 .2 . 1  A n  exam p le  o f  a w eigh ted  arc w ith  tw o characters a ssoc ia ted  
w ith  a con ic
In PG(2,q) with q odd, let C be an irreducible conic. Assign the weight a  to 
exterior points of C , /3 to interior points of C and 'y to points on C . Then
For the exterior line (e), the interior lines (i) and the tangents (t) we get
F(i) =  +  a ^ /3  +  2 7
F(t) =  q a  +  7  
F(e) =  s ± i«  +
To form a (k,n;f)-arc of type (m,n) we need to equate them in pairs. Then we 
need to choose one of ct,/3,'y to be 0. There are the following possibilities:
(1) F(e) =  F(i)
(2) F(e) =  F(t)
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(3) F(i) =  F(t)
CK,/3,"y are required, in each case to be non-negative.
(1)
( ^ ) a  + ( ^ ) / 3  = ( ^ ) «  + ( ^ ) / 3  + 27
this equation gives;
a  +  /3 =  2 7 .
Therefore there three cases to consider:
(a) q; =  0 implies that /3 — 2'y
(b ) /3 =  0 implies that cx =  2'y
(c) 7  =  0 implies that /3 =  a  =  0
We may as well takes 7  =  1 in case (a) and (b ).
(a) a  =  0 , /3 =  2  and 7  =  1 .
F(e) =  F(i) =  q +  1 =  n, F(t) =  2 =  m.,
W =  q(q — 1 ) +  (q +  1 ) +  q^  — 1 =  (q +  l)(q  — 1 )
=  q^  +  2 q — 1 — 2 q =  (q +  1 )^  — 2 q 
=  n(q +  1 ) — qw.
Which is a maximal arc.
(b ) CK =  2  =  w, (3 =  0 and 7  =  1.
F(e) =  F(i) =  q +  1 =  m, F(t) =  2q +  1 =  n.
W =  q(q +  1) +  (q +  1) =  (q +  1)  ^ =  m(q +  1 ). 
Which is a minimal arc.
(c) OL =  (3 =  'y =  0 so W  =  0 , w  =  0 , and n =  m  =  0 .
Trivial the arc is both maximal and minimal.
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(2 )
=  q a  +  7  
( ^ ) a  +  7  =  ( ^ ) / 3
Then there are three cases to consider:
(a) a  =  0 implies that (3 =  1  7  =  |(q  +  1 )
(b ) (3 =  0  implies that a  =  7  =  0
(c) 7  =  0 implies that (3 =  |(q  — 1 ) and a. =  \{q  +  1 ).
(a ) OL =  0 , (3 =  1  and 7  =  |(q  +  1 ) =  w.
F(e) =  F(t) =  îid. =  m F(i) =  \{ q  -  1) +  2 |( g  +  1) =  | ( 3 9  +  1) =  n.
3q  ^ +  2 q +  1  ^q^  +  q ^
= ------ 2-------------
^ 3 q ^ + 4 q + l  q^^  +q^
<  2
_  (3q +  l)(q  +  1) q(q +  1)
2  2
=  n(q +  1 ) — wq
thus the arc is not maximal.
also W >  |(q^ +  2 q +  1 ) =  wm, therefore the arc is not minimal.
(b ) See case ( l .c ) .
(c) 7  =  0 implies that /3 =  |(q  — 1) o l =  |(q  +  1 ).
F(e) =  F(t) =  +  1(9 +  1)(9 -  1) =  1(9 +  1)(? +  1 +  3 - 1 )
=  5 8 ( 3  +  1 ) =  n 
F(t) =  5 3 ( 3  -  1) =  m.
. ^ 2)
4 4 4
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^  q(q^  + 1 ) ^  q(q^  +  2g +  i )  _  ^
2 2 2
= +1) -  q-q
< 3 ^ 2 1 3 , , +  i ) _ 3 ( S ^
thus the arc is not maximal.
Also W >  |q(q — l)(q +  1) =  yq(q  ^ — 1), so the arc is not minimal.
(3)
(5^)a + + 2 7  = qa + 7
( ^ ) ; 3  +  7  =  ( ^ ) a
Then there are three cases to consider:
(a) (3 =  0  implies that « = 7  =  0
(b ) ex. =  1  implies that /3 =  0 7  =  |(q  +  1 )
(c) 7  =  0 implies that (3 =  |(q  +  1 ) ct =  |(q  — 1 ).
(a) See case ( l .c ) .
(b ) 7  =  0 implies that (3 =  \{q  — 1 ) cx =  \{q  +  1 ) =  w.
F(i) =  F(t) =  |(3 q  +  1) =  n, F(t) =  \{q  +  1) =  m.
^  ^  q(q + 1) _j_ (fi +  f _  (q +  i)(2q + 1)
=  (q +  i)[
2 2
3q +  l  q(q +  l)
2 '  2 
=  (q +  l)n  — qw
thus the arc is maximal.
(c) 7  =  0 implies that /3 =  |(q  — 1 ) ct =  |(q  +  1 ) =  w.
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F(i) =  F(t) =  \q[q  -  1) =  m, F(t) =  \q{q  +  1 ) =  n.
q (q  +  l ) ( q - l )  q ( q  +  l ) ( q  ~  1)
4 4
thus the arc is minimal.
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C o n stru ctio n s for (k ,n ;f)-arcs o f  ty p e  (q, q +  p )^ in  PG{2,p^)
Let f  be a given line of P6r(2,p^). Select points of i  and allocate each the 
weight
Allocate the weight 0 to the remaining points of i .
And the weight 1 to the points not on I. Then f  is a line of weight (p^~^)p^ =  
p  ^ =  q, and those lines which intersect f  in a point of weight 0 also are of weight
q-
Then the lines which meet f  in a point of weight p^have weight q +  p .^ Hence we 
have a (k,n;f)-arc of type (q, q +  p^), of total weight W  =  x 1 +  q =  +  q.
We may add to this arc another point of i  of weight p^  to form a (k,n;f)-arc of 
type (q, q +  p )^ of total weight W  =  q^ +  (p^“  ^+  l)p^ =  q^ +  q +  p^.
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§ 2 .3 . (k ,n ;f)-arcs  o f  ty p e  (n -2 ,n ) w ith  Iq >  0, U >  0, Z2 >  0 
L em m a 2 .3 .1
The existence of a (k,n;f)-arcs of type (n-2,n) in a projective plane of order q 
requires
q =  0  (m od  2 )
P r o o f  It follow from corollary of Theorem 2.2.2. □
To stu dy  (k,n;f)-arcs of type (n-2,n) we must remem ber that necessarily we are 
working in a plane of even order. We have two cases to consider 
(1) W  =  ( n - 2 ) ( q + l )  (2 ) W  =  (n -  2 )(q +  1 ) +  2
L em m a 2 .3 .2
For a (k,n;f)-arc of type (n-2,n) with n >  3 we m ust have li =  0 , i >  2 . (i.e. 
w < 2 )
P roof;
We showed previously that the maximum weight w of any point of a (k,n;f)-arc 
of type (m ,n) satisfied, w  <  2 .
so that there are no points of weight greater than 2 . □
L em m a 2 .3 .3
Let K  be a (k,n;f)-arc of type (n-2 ,n) for which Iq > 0 , Zi >  0 , Z2 >  0 and for 
which W  =  (n — 2 )(q +  1 ) +  2 . Then
q + l < n < 2 (q +  l ) .
P roo f; See D ’Agostini^^h □
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B y  T h eo rem  2 .2 ,2 , we get the following;
V „ % = 9  +  1 
^n-2 = 9 / 2  +  1 
V L 2  =  1
T h eo rem  2 .3 .4
A (k,n;f)-arc of type (n-2,n) with Im f  =  {0 ,1 ,2 }  in a Unite projective plane takes 
one of the following four forms:
vy =  0 1
V' =  9/2
(1)
(2)
(3)
W  =  { n - 2 ) { q  +  l )
n =  q +  3
f { X )  = 2  i f  X  lies on a ( q T l )-arc B 
=  0 i f  X  is the nucleus of B 
=  1 otherwise
W  =  { n - 2 ) { q  +  l )  
n =  q +  2
/ ( X )  =  0 for q/ 2  +  1  points of a line L
=  2 for the remaining q /2  points of L
=  1 otherwise
W  =  { n - 2 )(q +  l )  +  2  
n =  q +  1
f { X )  = 0  i f  X  lies on a (q+1 )-arc B 
=  2 if  X  is the nucleus of B 
=  1 otherwise
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w
W  =  ( n -  2){q +  1) +  2 
n =  q +  2
f { X )  =  0 for q /2  points of a line L
=  2 for the remaining q/ 2  +  1  points of L 
=  1 otherwise
P roof: See D^Agostini^'^^ □
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§ 2 .4 . (k ,n ;f)-arcs  o f  ty p e  ( l ,n )
We now stu dy  a (k,n;f)-arc of type (l,n ). For this i t  is necessary that
Im f  =  {0 ,1 , It;} where w >  2, and the total weight of the plane is
W  =  (n — w )q  +  n
From T h eo rem  2 .2 .2 , we obtain the following:
^   ^ (n -  1 ) ^n
■ = r . ? ' '
U r  =  0 J1
t„ =
( n - 1 )
t i  =
[(n -  w  -  l ) (q  +  1 ) +  n] +  1
(qw  +  w  — n)
( n - 1 )
T h eo rem  2 .4 .1
In a projective plane o f odd order q the (k,n;f)-arcs of type ( l ,n)  with n =  q +  1  
and w =  2  are precisely those which have as points of weight 1  the points of the 
oval C and the points o f weight w  as the interior points of C .
P roof: See Raguso and Rella^^K □
T h eo rem  2 .4 .2
In a projective plane of even order q {=/ 2) the (k,n;f)-arcs of type (l ,n) with 
n =  q +  1  and w =  2  are precisely those which have as points of weight 1  the 
points of a line r and as points of weight w the points of a (q(q- l ) / 2 , q)-arc of 
type ( 0 , q / 2 ).
P roof: See Raguso and Rella^^ .^ □
T h eo rem  2 .4 .3
In a projective plane o f order q the (k,4,f)-arcs of type (1,4) with w =  2  are
62
C h a p te r  2: ( k ,n ; f ) - a r c s
precisely those which have as points of weight 1 the points of a (2q-l,4)-arc of 
type ( 0 ,1 ,2 ,4) having three 0 -secants and 3 (q- l ) 2 -secants and as points of weight 
w the points of intersection of the 0 -secants.
P roof; See Raguso and Rella^^\ □
C orollary  ;
There exist (k,2  ^+  l;f)-arcs of type (1 ,2  ^+ 1) with h >  2 , w  =  2 in a Galois plane 
of order 2 .^
T h eo rem  2 .4 .4
The (k,n;f)-arcs of type ( l ,n ) in a projective Galois plane of order q with w =  n —1 , 
n >  3 are precisely the monoidal (k,n;f)-arcs having as points of weight 1 those 
of a line.
P roof; See Raguso and Rella^^ .^ □
T h eo rem  2 .4 .5
The (k,n;f)-arcs of t t  of type (l ,n ) with w =  n - l , n  >  3 are precisely the monoidal 
(k,n;f)-arcs having as points of weight 1  those of a line.
P roof: See G.Raguso and L.Rella^^K □
T h eo rem  2 .4 .6
There are no (k,n;f)-arcs of type (1,3) in a projective plane of order q 2 ). 
P roof: See G.Raguso and L.Rella^^^. □
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§ 2 .5 . (k ,n ;f)-a rcs  o f  ty p e  (n -3 ,n )
In this case we require n >  3. If, in particular n =  3  we have to consider a 
(k,3)-arc having only 3-secants and 0-secants, for which, by counting points on 
lines through a point of the arc we must have
k =  nq +  n — q =  2q +  3.
However Thas^^^  ^ has proved that such an arc cannot exist whence there can be 
no such (k,n;f)-arc. Hence, from now on we must assume n >  4.
D ’A gostiniW  proved that the existence of a (k,n;f)-arc of type (m,n) requires 
(n-m) divide q. Therefore we have
L em m a 2 .5 .1
The existence of a (k,n;f)-arc of type (n-3,n) with  n >  4 requires
q =  0 (m od  3).
P roof; It follow from corollary of Theorem 2.2.2. □
L em m a 2 .5 .2
The existence of a (k,n;f)-arc o f type (n-3, n) with n >  4 requires li =  0, i >  3.
P roof: 5ee D AgostiniW . □
We proved that for a (k,n;f)-arc of type (m,n), w <  n — m . In this case we must 
have w < 3  whence there can be no points of weight greater than 3.
We have W  =  1% +  2%2 +  31g.
We apply Lemma 2.2.1 to get
( n - 3 ) Q i  <  W < ( n - 3 ) Q i + 3 .
Thus there are the following four possibilities:
(a) W  =  ( n - 3 ) ( q + l )
64
C h a p t e r  2: (k ,n ; f ) -a r c 8
(b)  W  =  ( n - 3 ) ( q  +  l )  +  l
(c) W  =  (n  — 3)(q  +  1 ) +  2
(d ) W  =  (n — 3)(q  +  1) +  3
L em m a 2 .5 .3
There is no (kjn;f)-arc of type (n-3,n) with
W  =  (n — 3)(q  -f 1) +  1 or 
W  =  ( n - 3 ) ( q  +  l )  +  2
P roof;
From T h eo rem  2 .2 .2 , we obtain;
(n -  m )V^ =  { n -  s){q +  1) -  { W  -  s)
(n — m)V^ =  W  — s — (m — s)[q +  1 )
In our case we have
3 V^_3  =  n(q  +  1) — [(n — 3)(ç +  1) +  i], t =  0 ,1 ,2 ,3
then
^n-3 =  (5  +  1) “  f/3"
But this must be an integer, whence the cases of t =  1 and t =  2 are impossible.D
I f W  =  [n — 3)(ç +  1) then the arc is minimal and,
i f  W  =  {n — 3)(ç +  1) +  3 then the arc is maximal.
For (k,n;f)-arcs of type (n-3, n) with n - m =  3, in discussion of maximal and 
minimal (k,n;f)-arcs there are two cases:
( 1 ) lo > 0 , /i >  0 , h >  0 , I3 = 0
( 2 )  Iq > 0 , Zi >  0 , 1 2 ^ 0 ,  ^3 >  0
In particular we discuss (1).
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§ 2 .6 . (k ,n ;f)-arcs  o f  ty p e  (n -3 ,n ) w ith  Iq >  0, h >  0, h  >  0, /s =  0. 
L em m a 2 .6 .1
For a (k,n;f)-axc of type (n-3,n) in PG (2 ,q) with W  minimal i.e. 
W  =  ( n - 3 ) ( q  +  l )
we have
'V„»_3 =  9 +  1 ' ■ V„“ =  0 '
V^ - 3  =  2ç +  3 /3 =  9 /3
> 1 >
^n-3 =  9 +  3/3 V i =  2g/3
. V L 3  =  1 . V i  = q .
(^ )
Im m ediately we have 
C orollary
There is no point of weight 0 on an n-secant of a (k,n;f)-arc.
T h eo rem  2 .6 .2
For a maximal (k,n,f)-arc of type (n-3 ,n) in PG (2 ,q),
i.e. ' W  =  (n — 3)(q  +  1) +  3, and for which Î3 >  0 we have the following for 
the maximal (k,n;f)-arc:
> „ - 3  =  9 ' V i =  1 '
, > '■- -  h V i =  l , ^ l
V i-3  =  ^9
> <
V i - 3 = 0  , . ^ n = 9 + l .
.
Im m ediately we have:
r
C orollary
There is no point of weight 3 on an (n-3)-secant (n >  3) of a (k,n,f)-arc of type  
(n-3,n) for which W  is maximal.
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§ 2 .6 .1  (k ,n ;f)-arcs  o f  ty p e  (n -3 ,n ) w ith  Iq =  3
Let tn - 3 } tn be respectively the number of lines of weight n-3, n.
Then counting lines in the plane, we get
tn—3 “1“ ~h 9 +  1 (2.6.1)
and counting total incidences; we get
(n — 3)<„_3 +  ntn =  W { q 1) — {n — 3)(g -f 1)  ^ (2.6.2)
Now
(n — 3)tn—z (n — 3)tn =  (n — 3)(ç^ +  ç +  1)
so we get
3tn =  (n — 3)q
Hence
n^ =  ^ { n - 3 ) q  (2.6.3)
tn —3 — 2 +  6ç — nq +  3) (2.6.4)
Let I be an n-secant, (on which, by Corollary Lemma 2.6.1, there are no points 
of weight 0 on I) and suppose that on I are a  points of weight 1  and f3 points of
weight 2 . Then counting points of I, gives the following
a + / 3  =  g  +  l  ( 1 )
and counting the weights of points on I, we get
a  +  2/3 =  n (2)
Solving these two equations gives
C( =  2{q +  l )  — n (2.6.5)
and
(3 =  71 — (ç -f-1) (2.6.6)
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Counting incidences between points of weight 2 and n-secants gives
h v i  =  t ^
Using (A), (2.6.3), (2.6.4) and (2.6.6) we get
I _  ~  3 )/3(n  — {q +  1))
' “  2 9 /3  (2.6.7)
=  (71 — 3)(7i — q — l ) / 2
A nd counting incidences between points of weight 1  and n-secants gives
h V i = t „ a
Hence, using (A), (2.6.3), (2.6.4) and (2.6.5) we get
l\ =  (71 — 3)(2g -f- 2 — 7i). (2.6.8)
From (2.6.7) and (2.6.8), counting the points in the plane
to A li 12 — A Ç ~\~ 1
to =  {q  ^ +  9 +  1) — (/i 4- h )
I q  =  { q ^  +  Ç +  1 ) — (71 — 3)(2ç +  2 — 7i) — (72, — 3)(t2 — q  — l ) / 2  (2.6.9)
Hence we obtain
2q  ^ 4“ (11 — 3n'jq 4~ 71^  — 671 4" 11 — 2/q =  0 (2.6.10)
For a solution for q to (2.6.10) we require
(1 1  — 3ti)^ — 8(71 — 671 4“ 11  — 2 /) =  n
121  -  6671 4-  971^  -  871  ^ 4-  4871 -  8 8  +  16/q  =  □
71^  — I 871 4“ 33 4" I 6 Z0 — O
(71 — 9)  ^ — (48 — 1 6 /q )  — O (2.6.11)
68
C h a p te r  2: (k ,n j f ) -a r c s
W ilson[12] considered the particular case Iq =  3. Then (2 .6 .1 0 ) b e c o m e s
2g^ 4- (11 — 3ti) ç 4“ (fi^ — 6ti 4~ 5) =  0
[2q -  (n -  l)][q -  (n -  5)] =  0 
whence n =  2 q 1  or n =  q +  5
T h eo rem  2 .6 .3
For n =  2 q F 1 , there is a (10,7,;f)-arc of type (4,7) in P G ( 2 , 3).
P roof: See Wilson^^^ .^ □
F o r  t h i s  c a s e  o f  I q  = 3  w i t h  n  =  2 q  F  1 w e  o b t a i n  f r o m  e q u a t i o n  (2 .6 .3 )
tn =  -^{q -  1)
Thus by equation (2 .6 .7 ) the n-secants form the dual of a
We now c o n s i d e r  t h e  c a s e ,  w i t h  Iq =  3 ,  W  m i n i m a l  a n d  n  =  q  F  5 .
T h eo rem  2 .6 .4
There is an (88,14:f)-arc Kq of type (11,14) with the points of weight 2 forming 
a complete (22,4)-arc of type (1,2,4) in PG(2,9) .
P roof: See Wilson^^^\ □
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§ 2 .7  E xam p les  o f  M in im u m  and M axim u m  (k ,n ;f)-arcs o f  ty p e  (n -3 ,n )  
havin g  at lea st one p o in ts  o f  w eigh t 3
Since we have =  1 (Lemma 2.6.1 ), so the intersection of two lines of weight 
n-3 cannot he a point of weight 3.
Let P  be a point of weight 3 and let r be the unique line of weight n-3 through 
P. The other lines through P  all have weight n and, since =  0 (Lemma 2.6.1 ), 
none contains a point of weight 0. But I q > 0  so that there is at least one point 
of weight 0 , which m ust necessarily lie on r.
C ase 1 ; li =  0, ^2 >  0, Z3 >  0
In this case, there is no point o f weight 1  with respect to the (k,n;f)-arc.
We distinguish sub-cases according as
C ase ( l .A )  Iq =  1 ;
Let Q be the unique point of weight 0 (necessarily on r). Let X  be a point of 
weight 2  (possibly on r). Since +  1 >  2 there is at least one other
(n-3)-secant i  through X  besides XQ  (all lines through Q must be (n-3)-secants). 
Now if  we have a point Y  of weight 3 on i  then through Y  pass distinct (n-3)-
secants i  and YQ, which contradicts =  1 .
Hence the points on t  can only have weight 2 .
Since i  is an (n-3)-secant we get n-3 =  2 (q  -f  1) whence 
n =  2q -|- 5
Every line through Q has weight n-3 =  2 q + 2 . Because Iq =  1 , then the points 
of the plane other than Q are points of weight 2 or 3. It follows that on each
(n-3)-secant are two points of weight 3 and q-2 points of weight 2.
( 2(2q-2) F 2.3 =  2q+2).
Hence counting the points of weight 3 on lines through Q, we get Is =  2(q F I) 
the joint of two of these points m ay be an n-secant i.e. of weight 2qF5. In that
case it can contain three points of weight 3 and q-2 points of weight 2.
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Thus the points of weight 3 form a (2q+2,3)-arc.
It has been shown by that the 2-secants of such an arc are concurrent in
a point which m ay be adjoined to the arc to form a (2qF3,3)-arc i.e. a minimal 
arc. (in our case this point is Q).
However he has also shown that such (2q+3,3)-arcs do not exist.
Hence our weighted arc cannot exist.
T h eo rem  2 .7 .1
There is no (k,n;f)-arc K  having Iq =  1, Zi =  0, /2 >  0, Z3 >  0 of type (n-3,n) 
with  W  =  (n  - 3 )(q  +  1). □
B y using Theorem 2.2.6, we get the following theorem
T h eo rem  2 .7 .2
There is no (k,n;f)-arc K  having Is =  1, h =  0, I2 >  0, Iq >  0 of type (n-3 ,n) 
with  W  =  (n  - 3 )(q  +  1) +  3. □
C ase ( l . B ) :  Zq >  1
Let Q i, Q 2 be distinct points of weight 0, both of which m ust necessarily lie on r.
Let X  be any point not on r. Then XQi ,  X Q 2 are both (n-3)-secants, whence
because =  1, X  is not of weight 3 and can hence only be o f weight 2 .
Thus all points not on r have weight 2 .
Hence, considering a (n-3 )-secant through Qi we have 
2q =  n - 3,  so n =  2q +  3.
Let A be a point of r. If A has weight 2  then a line through A 
would have weight 2 (q  -|- 1) =  2q +  2, which is impossible.
Hence, the points on r have either weight 3 or weight 0 , and since r is a (n-3)-secant 
on r  are =  ÿ  points of weight 3, and 3 +  1 points of weight 0 .
Hence K  consists of 2 /3  q collinear points of weight 3 and 
the points not collinear with them, each of weight 2 .
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T h eo rem  2 .7 .3
Let K  be a (k,n;f)-aTc having Iq >  1 , h =  0 , I2 >  0 h >  of type (n-3,n) with 
W  =  (n  - 3 )(q  4- 1). Then K  consists of ^  collinear points, each of weight 3 
and the points not collinear with them, each of weight 2 . □
B y using Theorem 2.2.6, we get the following theorem:
T h eo rem  2 .7 .4
Let K  be a (k,n;f)-arc having I3 >  1, li =  0, Î2 >  0 I q > 0 of type (n-3,n) with 
W  =  (n  - 3 )(q  4“ 1) 4“ 3. Then K  consists of ^  collinear points, each of weight
0  and the q^  points not collinear with them, each of weight 2 . □
C ase 2: li >  0, I2 =  0, h  >  0
In this case, we discuss a (k,n;f)-arc having no point of weight 2.
We distinguish sub-cases according as 
C ase (2.A):  Zq =  1
Let Q be the unique point of weight 0 (necessarily on r). Let X  be a point of 
weight 1  (possibly on r). Since V^ _3  =  | ç  4- 1 >  2 there is at least one other 
(n-3)-secant £ through X  besides XQ  (all Unes through Q must be (n-3)-secants). 
There can be no point Y  of weight 3 on £, for in that case I and YQ would be 
(n-3)-secants through Y, contradicting V^ _3  =  1.
Hence the points on £ can only have weight 1 .
Since £ is an (n-3)-secant we get n -3  =  q -f  1 hence, n =  q 4 ~ 4
Every Une through Q has weight n-3 =  q + 1 . Since there are only points of weight
1 or 3 possible, apart from Q, we have a contradiction.
T h eo rem  2 .7 .5
There is no (k,n;f)-arc K  having I q =  1 , Zi >  0, Z2 =  0, Z3 >  0 of type (n-3,n) 
with W  =  (n  - 3 )(q  +  1). □
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B y using Theorem 2.2.6, we get the following theorem:
T h eo rem  2 .7 .6
There is no (k,n;f)-arc K  having Is =  1 , li >  0, Î2 =  0, Iq >  0 of type (n-3,n) 
with
with W  =  (n  - 3 )(q  -|- 1) +  1* O
C ase (2 .B ): Zg >  1
Let Q i, Q 2  be distinct points of weight 0, both of which m ust necessarily lie on 
r. Let X  be any point not on r.
Then XQi ,  X Q 2 are both (n-3)-secants, whence because =  1, X  is not of
weight 3 and can hence only be of weight 1 . Thus all points not on r have weight 
1.
Hence, considering a (n-3)-secant through Qi we have 
q =  n - 3 , so n =  q 3.
Let A be a point on r. If A has weight 1  then a line through A would have weight 
(q  +  1), which is impossible. Hence, the points on r  have only weight 3 or weight 
0.
Hence, K  consists of |  collinear points of weight 3 and the points not collinear 
with them, each of weight 1 .
T h eo rem  2 .7 .7
Let K  be a (k,n;f)-arc having Zg >  1, Zi >  0, Z2 =  0 Z3 >  0 of type (n-3,n) with 
W  =  (n  - 3 )(q  F  1). Then K  consists of |  collinear points, each of weight 3 
and the q^  points not collinear with them, each of weight 1 . Furthermore n =  q 
F 3. □
B y using Theorem 2.2.6, we get the following theorem:
73
C h a p t e r  2: ( k ,n ; f ) -a r c 8
T h eo rem  2 .7 .8
Let K  be a (k,n;f)-arc having Is >  1, li >  0, I2 =  0 Iq >  0 of type (n-3,n) with 
W  =  (n  - 3 )(q  -|- 1) +  3. Then K  consists of q /3  collinear points, each of 
weight 3 and the points not collinear with them, each of weight 1. Furthermore, 
n =  q. □
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CHAPTER THREE
(85,13;f)-arcs of Type (10,13) 
for which the points of weight 
0 form a 6-arc in PG(2,9)
C h a p te r  3: M in im u m  (k ,n ; f ) - a r c
§ 3 .1  In tro d u ctio n
From equation (2.6.11) it follows that a necessary condition for the existence of 
such a (k,n;f)-arc of type (n-3,n) for which Z3 =  0 is that
S = { n - 9 y ~  (48  -  I6I0) (3.1)
should be a square. Before considering the case where Iq =  6 we briefly discuss 
the case for which Zg <  6 . The cases for which Zg <  3 have been discussed by 
Wilsont^^^.
§ 3 .1 .1  T h e case w here Zg =  4 &: 5
For the value of Zg =  4 , then the equation ( 2 .6 .1 0 )  becomes
2q^ +  (11 -  3n)q  +  n^ -  6n  +  3 =  0 (3.2)
From equation (3.1) we get
( n - 9 ) ^  +  16 =  a^
Whence
(o: — (n — 9))(o! +  (n — 9)) =  16 (3.3)
For solutions of (3.3) in which a  and n are non-negative integers we require 
a  - (n-9) =  2 a  +  (n-9) =  8 (*) or
a  - (n-9) =  8 a  F (n-9) =  2. (**)
From (*) we have the following solution a  =  5 and n =  1 2 .
Putting n =  12  in equation (3.2) we get the following
2 q^  -  25q +  75 =  0.
The only non-negative integer solution for this equation is q =  5 and since 5 ^  
0 mod 3, by Corollary of Theorem 2.2.2, there does not exist a (k,n;f)-arc of type 
(n-3,n).
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From (**) we have the following solution a  =  5 and n =  6 .
Putting n =  6 in equation (3.2) we get the following
2 q^  - 7 q F 3  =  0 .
From this equation we get q =  3. Since the number of points of weight 0 is 4 , 
and it is clear that no more than three points of weight 0 are collinear, therefore 
the points of weight 0 form a conic in PG {2, 3). This is an application of exam ple  
2.2.1.
For the value where Iq =  5, then equation (2.6.10) becomes
2q^ +  (11 -  3n)q  +  n^ -  6n  +  1 =  0 (3.4)
From equation (3.1) we get
(n — 9)  ^ +  32 =  
w hence  
(a  — (n — 9))(a +  (n — 9)) =  32
Considering the factors of 32, the possibilities are given in Table (3 .l.A ). Since 
(a  — n +  9) +  (a  +  n — 9) =  2a  we only need to consider possibilities in which the 
factors have the same parity. Further we need only list those values for which a  
and n are non-negative integers. Note that q is obtained from equation (3.2).
a  — n +  9 2 4 16 8
a  -b n — 9 16 8 2 4
a 9 6 9 6
n 16 11 2 7
q 7 4,7 — 1,4
Table 3 .l .A
There is no solution of these compatible with n and a  being non-negative integers 
and with q =  0 m od  (n - m ).
So, by the corollary of Theorem 2.2.2, there does not exist a (k,n;f)-arc of type 
(n-3,n).
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§ 3 .1 .2  T h e case w hen  th e  num ber o f  p o in ts  o f  w eight 0 is 6
In this case we discuss (k,n;f)-arcs of type (n-3 ,n) in PG(2,9) where I q =  6 .
The next value of I q for which 6 is a square is Zg = 6 . We shall discuss this case in 
the present chapter and in what follows we assume that this value of Zg is being 
studied.
For the value of Zg =  6 , the equation (2.6.10) becomes
2q^ -f" (11 — 3n)q  -f" n^ — 6 n — 1 — 0 (3.5)
From equation (3.1) we get (n — 9)  ^ +  48 =  whence
(a  — (n — 9))(a  +  (n — 9)) =  48. Considering the factors of 48, the possibilities 
are given in Table (3.1). Since (a — n +  9) +  (a  +  n — 9) =  2 o: we only need to 
consider possibilities in which the factors have the same parity. Further we need 
only list those values for which a  and n are non-negative integers. Note that q is 
obtained from equation (3.5).
a  — n -b 9 2 4 6 8 12
a  +  n — 9 24 12 8 6 4
CL 13 8 7 7 8
n 20 13 10 8 5
q 9,31 9 13,3 5,3 3
Table 3.1
From E .d ’agostiniW , in our case we get the following:
(1) 0 <  w  < 3
(2) 100 <  W  <  1 1 2
Hence the only solution of these compatible with n and a  being non-negative 
integers and with q =  0 m od  (n -m ) is a  =  8 , n =  13.
For the maximal case W =  112, and for the minimal case W =  100. In this chapter 
we discuss the minimum case W  =  100, while the maximum case is obtainable 
according to Theorem 2.2.6.
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§ 3 .2  T h e M in im al C ase
From Lemma 2.6.1, we get the following for our case:
^ 10  — ^  /  I ^ 13  — 3
1 I = 6
(3.u).
From this we can state
L em m a 3.2 .1: No point of weight 0 lies on any 13-secant.
T h eo rem  3 .2 .2  : No five points of weight 0 can be collinear.
P roof:
Suppose that there is a 10-secant i  having on it five points of weight 0 and hence 
five points of weight 2.
Let P  be a point of weight 2 on since V/q =  4 there are, through P , exactly 
th ree  10-secants besides I. On each of these 10-secants must be at least one  
point of weight 0, which cannot lie on i.
Hence I q >  S ,  which is a contradiction. □
T h eo rem  3 .2 .3  : No four points of weight 0 can be collinear.
P roof:
Suppose that there is a 10-secant i  having on it four points of weight 0 and hence 
four points of weight 2 and tw o points of weight 1.
Let R  , S be the tw o points of weight 0 which are not on let Q be the point 
of intersection of the line R S with i.
Then, on £ is at least one point P  of weight 2 which is distinct from Q.
Since V/q =  4 there is, through P , a 10-secant m  which is distinct from £ , P R  
and P S .
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On m  there must be at least one point of weight 0; this is not on £ and is distinct 
from R  and S. Hence Iq >  7, which is contradiction. □
We can restate this theorem to give the following important corollary.
C orollary: The points of weight 0 form either a 6-arc or a (6,3)-arc.
In this chapter, beginning from § 3.3 we discuss the case in which the points of 
weight 0 form a 6 -arc. We discuss the case in which they form a (6,3)-arc in 
chapter 4.
Now, we classify the lines of the plane with respect to an (85,13;f)-arc of type 
(10,13).
Let f  be a 10-secant having on it a  points of weight 2 , j3 points of weight 1 and 
7  points of weight 0. Then, counting the points on £ gives
a F / 3  +  ^ =  q +  l  =  10 
and summing the weights of the points on £ gives
2a-j-^  =  n — 3 =  10
( 1)
(2)
But Theorem 3.2.3 implies that 7  <  3, so we can classify the 10-secants 
according to the number of points of various weights on them as in the following 
Table:
T y p e  o f  
1 0 -secant
a P 7^
£ 3 3 4 3
£ 2 2 6 2
£ 1 1 8 1
£ 0 0 10 0
T able (3 .2 )
Let y be a 13-secant of a (85,13;f)-arc K; since there are no points of weight 0 on 
a 13-secant then there are only points of weight 2 and points of weight 1 on y . 
Suppose that on y there are 7  points of weight 2 and 6 points of weight 1 . Then,
7  4- 6 =  10
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2 7  4- 6 =  13
so 7  =  3 and 6 = 7 .
Hence we have proved the following lemma:
L em m a 3 .2 .4
The lines of PG(2,9) are partitioned into  five classes with respect to a minimal 
(85,13;f)-arc of type (10,13) as follows :
(1 ) is  which contain 3 points of weight 0, 4 points of weight 1 and 3 points of 
weight 2.
(2) £ 2  which contain 2 points of weight 0, 6 points of weight 1 and 2 points of 
weight 2.
(3) £i which contains 1 point of weight 0, e ight points of weight 1 and 1 point of 
weight 2.
(4) £q which contains 10 points of weight 1.
(5) y which contain 3 points of weight 2 and 7 points of weight 1.
From equations (2.6.3), (2.6.4), (2.6.7) and (2.6.8) we get the following for our 
case:
tiz  =  - ( n  — 3)q =  30
Zio =  ^ (3 9  ^ 4- 6g -  ng 4- 3) =  61
à (3.6)
I2 =  —{n — 3)(n — q — 1) =  15 
li =  (71 — 3)(2ç 4~ 2 — 7i )  =  70
Since there are at most th ree  points of weight 2 on any line we have proved.
L em m a 3 .2 .5  : The points of weight 2 form a (15,3)-arc A of type (3,2,1,0).
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§ 3 .3  T h e case in  w hich  th e  p o in ts o f  w eight 0 form  a 6-arc
Let /c be the set of 6 points of a 6-arc in PG(2,9). The 91 lines of the plane are 
partitioned as follows
(1) 15 2-secants of the 6-arc #c
(2) 30 1-secants of the 6-arc k
(3) 46 0-secants of the 6-arc k
Putting q =  9 and fc =  6 in Lemma 1.5.5 we get the following for our case:
5o =  10 — =  30 4- 353 and ^2 =  45 — 3^3
where Ss =  the number of -points.
Let P  G K, then there pass through P five 2-secants and five 1-secants .
Let Q ^  K, and suppose that through Q there pass a  2-secants, /3 1-secants and 
7  0-secants. Then,
a  4- /5 4- 7 =  10 
2 a F  P =  6 
a  >  1.
(1)
(2)
The possible solutions of these equations are listed in the following Table:
T y p e  o f  
th e  p o in t
a P 7
N u m b er  o f  
each ty p e
A 3 0 7 53
B 2 2 6 45 — 3Ss
C 1 4 5 30 4" 3 53
D 0 6 4 10 — Ss
Table 3.3
Using Lemma 3.2.4 we can prove the following
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L em m a 3 .3 .1
Let K be a 6 -arc which forms the set of points of weight 0 of an (85jl3;f)-arc K. 
Then through each point of weight 2 of K  pass two 2-secants , tw o 1-secants and 
s ix  0-secants of k  i.e. the points of weight 2 are B-points with respect to k .
P roof:
From Lemma 3.2.4 the lines of the plane may be classified with respect to K  as 
in the following table:
T y p e  o f  
th e  line
W eight 0 W eight 1 W eight 2 W (l)
£ 2 2 6 2 10
i l 1 8 1 10
£ 0 0 10 0 10
y 0 7 3 13
Table 3.4
Suppose that through a point P of weight 2 there pass a  I 2 lines, j3 lines and 
7  y lines. Counting the lines through P we get
a +  /? 4  7  =  10
Counting the weights of lines through P we get
8 a +  8 ^ +  I I 7  =  98
Hence
8 a +  8 /? 4  8 7  =  80
So, subtracting (2 ) & (3) we get 7  =  6 
This means that
a  4  /? =  4
But also, counting points of weight 0, we obtain:
2 a 4 /5  =  6 
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Whence the only solution is: a  =  2, (3 =  2.
Then, through P are tw o lines of type £2 , which are 2-secants of /c, two lines of 
type £ 1 , which are 1-secants of k, and six  lines of type y  which are 0 -secants of k .  
Hence the lemma is proved. □
C orollary
The points of weight 1 are points of type  A  and C with respect to k. and conversely.
It is known from Hirschfeldt®^ that in P G (2 ,9) there are seven projectively 
distinct 6 -arcs. The number of Brianchon points for such a 6 -arc is 
a number of the set {1 0 ,6 ,4 ,3 ,2 } . We denote these seven 6 -arcs by 
Kio, Ke, K 4 , K 4 ', K 3 , K 2 , K 2'.
Of these K io  is complete and the rest are incomplete. Ke and K 2 lie on a conic 
and the others do not.
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§ 3 .4  T h e s ix  p o in ts  o f  w eight 0 form  a com p lete  6 -arc K io
It is known by Hirschfeldf^i that the projectively unique complete 6 -arc of 
PG(2,9) has exactly ten Brianchon points; we denote it by K iq. One set of 
points forming such a complete 6 -arc is
{ P ( l ) ,  P ( 2 ), P (3 ), P (7), P (70), P (72 )}
where P(i) is defined in Chapter 1 .
For a complete 6 -arc K iq every point lies on at least one 2-secant of the 6 -arc. 
Through each point of a 6-arc k. there pass 5 2-secants and 5 1-secants.
Then the number of 1-secants is 30, the number of 2-secants is 15 
and the number of 0-secants =  91 - [ 30 +  15 ] =  46.
From Table 3 .3 , we have in this case, putting Ss == 10
T y p e  o f  
th e  p o in t
a P 7
N u m b er o f  
each ty p e
A 3 0 7 10
B 2 2 6 15
C 1 4 5 60
Table 3.5
Let N be a 2-secant, and suppose that on N there are a  A-points, (3 B-points and 
7  C-points,
Then, counting the points of a 2 -secant
a -f ^ -f 7 = (1)
and counting the 2 -secants.
2 a  -f /? =  6 (2)
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Equations (1) & (2) have the solutions which are listed in the following table:
Table 3.6
T y p e  o f  
2 -secan t
OL P 7
N u m b er  o f  
each  ty p e
Na 3 0 5 0
N 2 2 2 4 15
N i 1 4 3 0
No 0 6 2 0
where N; denotes a 2-secant having exactly i P,.-points.
L em m a 3 .4 .1
No three Brianchon points are collinear. i.e. =  0. That means the ten 
Brianchon points of K io  form a 1 0 -arc in PG(2,9).
P roof:
Suppose that PQ is a 2-secant and contains three Brianchon points B i , B 2 , 
B 3 . The other four points X, Y, Z, W of the 6 -arc form a quadrangle. Through 
each of the Brianchon points B i,B 2 ,B z  there pass two of the sides XY, XZ, XW, 
YZ, YW, ZW of the quadrangle. Then P i, P 2 , P 3 are three collinear diagonal 
points of a quadrangle. This implies that the field has characteristic 2, which is 
a contradiction. Therefore N 3 =  0. □
Now, counting the number of 2 -secants of the complete 6 -arc, we get
N 3 4- N 2 4" N\ 4~ Nq =  15
Counting the incidences of 2 -secants with A-points, we get
3 Y 3 4- 2 N 2 4" N\ =  30
Counting the incidences of 2 -secants with B-points, we get
2 N 2 4~ 4Ni 4“ ONq =  30 
85
(1)
(2)
(3)
ri.M.U.L#
C h a p te r  3: M in im u m  ( k ,n ; f ) -a r c
Counting the incidences of 2-secants with C-points, we get
5Ns 4  4 ^ 2  4  37Vi 4  2Nq =  60  (4 )
If we put iVs =  0 in the equations (1), (2) and (3) above, we get the following
solution:
N i =  No =  0 and N 2 =  15; this means there is only one type of 2-secant, i.e. 
each 2-secant of the complete 6 -arc has on it two Brianchon points.
Let M be a 1-secant , and suppose that on M there are a  points of A-points, (3 
B-points and 7  C-points, then
«  4)5  4  7  =  9 (1)
Counting the intersection of 2-secants with M, gives
3a 4  2/5 4  7  =  10 (2)
From (1) & (2) we get
2 a  4 / 5  =  1
Therefore, the only possible solution is 
a  =  0  /3 =  1  7  =  8
This means there is only one type of 1-secant of the complete 6 -arc.
Let L be a 0 -secant, and suppose that there are a points of type A, /5 points of
type B, 7  points of type C, then
a  4  )5 4  7  =  10 (1)
Counting the intersection of 2 -secants with L, gives
3 a  4  2 / )  4 7  =  1 5  ( 2 )
From (1 ) & (2 ) we get
2a 4  /5 =  5.
which has the following possible solutions in the following Table:
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T y p e o f  
0-secan t
a P 7
N u m b er  o f  
each ty p e
Lo 0 5 5 6
L i 1 3 6 10
L2 2 1 7 30
Table 3 .7
Counting the number of 0-secants of the complete 6 -arc, we get
I/Q 4  L i 4  I>2 =  46  
Counting the incidence of 0 -secants with A-points, we get
L/i 4  21*2 ~  70 
Counting the incidence of 0 -secants with B-points, we get
51*0 4  31*1 4  1*2 =  90
(a)
(b)
Since the set of Brianchon points forms a 10 -arc (Conic in PC(2,9)), therefore 
there are q (q 4 l) /2  =  45 2 -secants, 15 of which are the 2-secants of the 6 -arc 
of type N 3 . From Table 3.3 through each P,.-point there pass three 2 -secants, 
7 0 -secants and no 1-secant, therefore the other 2 -secants of the 10-arc are the
0-secants of type L2 , i.e. L2 =  30.
If we put L2 =  30 in the equations (a), (b) and (c), then we get 
L i =  10  and Lq =  6 .
Therefore, there are three possible types of 0-secant of the 6 -arc K io- 
We use N i to denote a 2 -secant having on it exactly i a  points.
We showed in Theorem 3.3.1 and its corollary that the weights must be allocated 
as follows
(1) The w eigh t 0  to the points of Kio;
(2 ) The w eigh t 1 to A points and C points;
(3) The w eigh t 2  to B points.
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Let the weight of the line L be F[L).
From Lemma 2.1.1 F(L) =  Y) f(p ), where f(p ) is the weight of the point p.
pGL
The weight of a 0-secant can be as follows :
(a) F(L o) =  15
(b) F (L i)  =  13
(c) FiL^) =  11
The weight of 1-secant, F(M ) =  10.
The weight of a 2-secant can be as follows :
F (N 2) =  15
However, we were looking for a (k,n;f)-arcs having only two characters and these 
results mean that there are four characters.
Hence we have deduced the following lemma 
L em m a 3 .4 .2
There is a (85,13;f)-arc of type (10,11,13,15) having Im f  =  {0 ,1 ,2 }  for which the 
six points of weight 0 form a complete 6-arc in PG(2,9); but there does not exist 
a (85,13;f)-arc of type (10,13).
And we have deduced the following result.
T h eo rem  3 .4 .3
There is no (85,13;f)-arc of type (10,13) having Im f  =  {0 ,1 ,2 }  for which the six  
points of weight 0 form a complete 6-arc.
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§ 3 .5  T h e  case o f  in com p lete  6-arcs in  P G (2 ,9 )
There are s ix  projectively distinct incomplete 6-arcs, tw o of which consist of 
s ix  points of a non-singular conic. We discuss these six cases separately in the 
following sections.
§ 3 .6  T h e cases in  w hich th e  6-arc lies on a conic
In PG(2,9) the points of a 5-arc are sufficient to determine a non-singular conic 
uniquely. Thus a 6-arc does not, in general, lie on a conic. In this, and the 
following two sections, we study the two projectively distinct cases in which the 
6-arc K, formed by the points of weight 0 lies on a non-singular conic C . There 
are, §1.6, exactly 10 points on C and hence exactly four points of C \/c. The 
two cases arise according as these points form a harmonic set, to be discussed in 
§3.7, or not, to be discussed in §3.8.
From §1.7 one of the sets of ten points in PG(2,9) which form a non-singular conic 
is
C : t e G F ( q ) |u { c x > } .
Hence the equation of the conic is x y  -f- 2a^xz -f 2#yz  =  0, and the points of this 
conic are, for t  — oo, 3, 0, 1, 2, 7, 4, 8, 6, 5 respectively
(1) P(01) =  (1,0,0) (2) P(02) =  (0,1,0) (3) P(03) =  (0,0,1)
(4) P(72) =  (1,1,1) (5) P(76) =  (1,4,2) (6) P(69) =  (1,3,4)
(7) P(85) =  P (l,5 ,7) (8) P(30) =  P(l,8,3) (9) P(33) =  P (l,2 ,5)
(10) P(7) =  P (l,7 ,6).
It is weU-known (Hirschfeld^®!) that the points not on C are partitioned into the 
two sets E, of exterior points, through each of which pass exactly two tangents to 
C and I, of interior points, through each of which pass no tangents to C . Then 
the following results are easy to prove (Hirschfeldt®^)
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L em m a 3 .6 .1
(1) There are 45 exterior points of C .
(2) There are 36 interior points of C .
(3) Through an exterior point are four 2-secants, two 1-secants
and four 0-secants of C .
(4) Through an interior point are five 2-secants and five 0-secants of C .
From T able 3 .3  we have in this case, put 5a =  6 , 2 respectively. Then the points 
of PG(2,9) may be classified as in the Table 3.8.
T y p e  o f  
th e  p o in t
a b c
N u m b er o f  p o in ts
Ke Kz
A 3 0 7 6 2
B 2 2 6 27 39
C 1 4 5 48 36
D 0 6 4 4 8
Table 3.8
Let L be a 0-secant of a 6 -arc. Suppose that on L there are a  points of type A, 
(3 points of type B , 7  points of type C  and 8 points of type D,
Then, counting points on L we obtain
a - f ^ - | - 7  +   ^ =  10 
Counting the intersections of 2 -secants with L gives
3cK 2/? “h 7  ~  15
(1)
(2)
Call the equations (1) & (2), the equations (E).
Before attempting to solve them we must prove some results for each of the two 
cases in which the 6 -arc lies on a conic.
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§ 3 .7  T h e C ase o f  T h e 6-arc H aving S ix  B rianchon  P o in ts
This case arises when the 6 -arc formed by the points of weight 0 lies on a 
conic C and the four points oi C \ k  form a harmonic set. Since the field has 
characteristic 3 we have -1 =  2 =  1 /2  and hence every permutation of the four 
points of C \ k, has the same cross-ratio of -1 .
L em m a 3 .7 .1
In this case there are exactly six points through which pass three 2-secants of k , 
namely the six points of intersection of the tangents to C at the four points of
C \n .
P roof:
Let Q i , . . . ,  Qe be the six points of k  and let P i , . . . ,  P4 be the the four points of 
C \ k . Let R ij denote the point of intersection of the tangents to C at the points 
Pi and Pj. There are six such points R ij which, by definition, are exterior points 
of C.
From the fact that the four points P i , . . . ,  P4 form a harmonic set it follows that 
the join of any pair passes through the point of intersection of the tangents at the 
other two. Hence through each point Rij there is exactly one 2-secant of k  of the 
form PiPm  and so the other 2 -secants of C through it must be of the form QtQm-
Now we have to show that no other point of the plane lies on exactly three 2- 
secants of /c. Any other exterior point of C lies on at least one tangent touching 
C at one of the points Qj and hence cannot lie on three 2 -secants of k. Thus it is 
sufficient to show that no interior point of C lies on three 2 -secants of k . If there 
were such a point it would have to be a diagonal point of the quadrangle formed 
by the four points P i , . . . ,  P4 .
Let the co-ordinates be chosen as in §3.6 so that C has the equation 
S =  xy P 2a^xz -f 2ayz  =  0. The points P i , . . . ,  ^4 may be taken as
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(1, 2a^), (1 ,2a^, a ), (1 ,2 , a^) and (1, a^). These points form a harmonic set
because the the cross ratio of the parameter of the four points {2a,a^ ,2a^ , 2a^} 
equal -1 as in §3.6.
Thus the diagonal points of the quadrangle have the coordinates
(1 ,1 ,2a®), (1, 2a^, 2a), and (1 ,1 ,2 a ) respectively . By Theorem 1.6.8 all of these
points are exterior. □
C orollary  1
The Brianchon points form a (6,3)-arc in which the 3-secants are the tangents to 
C at the points of C \ k .
C orollary  2
The three diagonal points of the quadrangle of the points of C \ k  are B-points 
with respect to k,.
P roof:
We saw in the proof of the lemma that these three points are exterior points of 
C and hence, through each, there are two tangents to C at point of K, these being
1-secants of k .
Also the other two 2-secants of C through each must be 2-secants of /c, whence 
they are B-points with respect to /c. □
Since we now know that the 6-arc under discussion has exactly six Brianchon 
points and, in §3.3 we noted that this is projectively unique, we can legitimately 
denote it by Kg.
For the remainder of this section we shall use the notation developed in the proof 
of Lemma 3.7.1. For the definition of the types of points discussed in the following 
lemma refer to Table 3.8.
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L em m a 3 .7 .2
Of the 48 C-points with respect to  K e, exactly 24 are the intersections of the four 
tangents to C at the four points Pi with the six tangents to C at the six points Qj  
o f K e .
P roof;
Let Cij denote the point of intersection of the tangent to C at Qj with tangent ti 
to C at Pi. Then Cij is exterior to C . As noted in the proof of the previous lemma 
the join of any two points of C \Ke passes through the point of intersection of 
the tangents at the other two i.e. the lines P/Pfc (£,k ^  i) meet ti at the three 
points Rik on ti and hence the remaining six points on ti \  Pi have no lines P^ Pjb 
through them. It follows that of the four 2-secants to C through Cij three are of 
the type PiQm  and the other is a 2-secant of Ke- Further through Cij the tangent 
to C at Qj is a 1-secant of Kg, so it follows that Cij is a C-point with respect to 
Kg. There are four such tangents ti with four points Cij on each, so there are 24 
such C-points altogether. □
We have now accounted for 33 of the 45 exterior points of C . The remaining 12 
are identified by the following lemma.
L em m a 3 .7 .3
The remaining points of intersection of the tangents to C at the points of Kg are 
12 C-points of Kg which lie on the sides of the quadrangle formed by the points 
of C \ Kg .
P roof:
We first observe that on each line P iP j are, since it meets C in two distinct points, 
four points exterior to C ; one of these is a point of intersection of the tangents 
to C at the other two points of C \K g and hence the other three are points of 
intersection of two tangents to C at points of Kg. Of these one is a diagonal point
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of C \K e  and hence the other two lie on two 2-secants of C of the form PiQ j, 
which are 1-secants of K g, and one 2-secant of C which is also a 2-secant of Kg. 
Thus through each of these points are four 1-secants and one 2-secant of Kg ,so 
they are C-points with respect to Kg. Since there are six lines under consideration 
we have found 12 such points. □
We now have to discuss the interior points of Kg.
L em m a 3 .7 .4
Of the 36 interior points of C exactly 24 are B-points and 12 are C-points with 
respect to  Kg.
P roof:
We have to discuss separately the cases in which interior points lie or do not lie 
on one of the lines PiP j. Since we have shown in Corollary 2 of Lemma 3.7.1 
that the points of intersection of two lines PiPj are exterior , we let Sij denote an 
interior point of C which, firstly, lies on one line PiPj and observe that through it 
pass four other 2-secants of C , of which two are 1-secants of Kg, these being the 
lines of type PiQm  a-nd hence the other two are 2-secants of Kg.
It follows that Sij is a point of type B. There are four such points on each of the 
six lines PiPj and hence 24 such B-points altogether.
Secondly we suppose that S denotes one of the remaining 12 interior points of 
C not on any line PiPj. Then, of the five 2-secants of C through S, four are of the 
type PiQj and so are 1-secants of Kg, whilst the fifth must be a 2-secant of Kg 
and hence S is a C-point of Kg. □
L em m a 3 .7 .5
The 2-secants of the conic C joining the points of C \K g have on each exactly five 
points of type  B  with respect to Kg. One of them is the diagonal point of the
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quadrangle formed by the points of C \Kg, and is exterior to C . The other four 
are interior to C .
Proof:
Let Q i , . . . , Q g be the six points of Kg, and P i , . . . ,  P4 be the points of C \Ke-  
From Lemma 3.7.1 each PiPj, contains exactly one Brianchon point.
Suppose that R is a point of intersection of the sides PiPj and PiPk of the 
quadrangle; then by corollary 2 of Lemma 3.7.1 it is an exterior point of C and of 
type B with respect to Kg.
Suppose that T is a point on the line PiPj. Then by Lemma 3.7.4 we have shown 
that if T is interior with respect to C then T is a B-point of Kg and there are 
four such points on PiP j, whilst, also by Lemma 3.7.4 the other two points are 
exterior points with respect to C and of type C with respect to Kg. □
By corollary 1 of Lemma 3.7.1 the equation (E) cannot have a solution in which 
a >  4. Also since the four points of type D  form a harmonic set on the conic 
C we have S <  2. The lines having three Bj.-points are tangent to C at a point of 
type D  and hence a  =  3 which implies  ^=  1.
Since the order of the points in a harmonic set is irrelevant we also observe from 
the harmonic property of the quadrilateral of tangent at points of type D that 
6 =  2 which implies a  =  1.
Hence the only possible solutions of the equation (E) for the case of 6 - 
arc having six H^-points lies on a conic listed in the following table:
Table 3.9
T yp e o f  
0 -secant
a /? 7 6
N u m b er o f  each ty p e
Kg K 2
Lo 3 0 6 1 4
Li 1 5 2 2 6
Ls 1 3 6 0 24
Lg 0 5 5 0 12
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Similarly the 1-secants and 2-secants of the 6-arc may be classified as in tables 
3.10 and 3.11 respectively.
T y p e  o f  
1-secan t
7 6
N u m b er o f  each  ty p e
Kg K 2
M l 1 8 0 6
M 2 2 6 1 24
Table 3 .10
T y p e  o f  
2-secan t
OL /? 7
N u m b er o f  each ty p e
Kg K2
N i 1 4 3 12
N 2 2 2 4 3
N .B .
page.
T able 3.11
The last two columns in tables 3.9, 3.10 and 3.11 are justified in next
L em m a 3 .7 .6
The diagonal points of the quadrangle formed by the points of C \K g  are points 
of weight 2 with respect to the (85,13;f)-arc K.
P roof:
Let S be a one of the diagonal points of the quadrangle formed by the points of 
C \K e; then by corollary 2 of Lemma 3.7.1 S is a B-point of the 6-arc Kg, and is 
an exterior point of the conic.
Since S is an exterior point of the conic, then there pass through it two 2-secants of 
Kg which are Qi Qj  and Qi Qk ,  and these 2-secants contain two diagonal points. 
Because the other 24 B-points of Kg lie on the sides of quadrangle; therefore, 
there are no other B-points on these 2-secants. And by Theorem 3.3.1 the points 
of weight 2 are points of type B  with respect to Kg. Therefore, the diagonal 
points are points of weight 2. □
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We can summaries the results of the previous two lemmas in the following Table 
3.12
P o in t w ith  
resp ect to  Kg
P o in t o f  
th e  con ic
E xter ior  p o in t  
to  C
in terior p o in t  
to  C
N u m b er  o f  
th e  p o in ts
K g-p o in t 6 — — 6
A -p o in t — 6 — 6
B -p o in t — 3 24 27
C -p o in t — 36 12 48
D -p o in t 4 — — 4
T able 3 .12
We now calculate the number of each type of 0-secant, 1-secant and 2-secant of 
Kg. From Corollary 1 of Lemma 3.7.1 we have shown that the Brianchon points 
form a (6,3)-arc, having exactly four 3-secant s. Then, because Lg represents the 
number of 0-secants on each of which lie exactly three Bj^-points (and hence since 
C-points and D-points are now known)
Lq =  4.
The (6,3)-arc has exactly th ree  2-secants which are also 2-secants of Kg of type 
N 2 (T able 3 .1 1 ), and conversely 2-secants of Kg of type N 2 must be 2-secants 
of the (6,3)-arc. Hence
N 2 =  3.
Counting the number of 2-secants of a 6-arc Kg gives
N z +  N i + N o  =  15 (1)
Counting the incidence of 2-secants of Kg with A-points, gives
2 N 2 + N i  =  18  (2)
Counting the incidence of 2-secants with B-point, we get
2 N 2 +  4 N i +  6 N 0 =  54 (3)
Since N 2 =  3 , we may solve these three equations to get
N i  =  12 and No =  0.
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T able 3 .12  shows us that the points of type D  form a 4-arc. This 4-arc has 
exactly 6 2-secants which, by Lemma 3.7.5, each contain exactly 5 H-points, and 
hence, using T able 3 .9  & 3 .10  there are no lines L4 or M 3 .
The number of 2-secants of 4-arc =  (2) =  6 ,
The number of 1-secants of an 4-arc =  kt =  k(q-f2-k) =  28,
The number of 0-secants of an 4-arc =  91 - (28 +  6 ) =  57.
The 2-secants of a 4-arc are the lines of type L i, L4 and M 3 with respect to Kg, 
therefore,
L i +  L4 +  M 3 =  6  (4)
since L4 =  M 3 =  0  therefore L i =  6 .
Counting the number of 1-secants of Kg, we get
]VIi -f- M^2 T  M^3 =  30  (5 )
Counting the incidence of 1 -secants with point of type A, we get
M l  -b 2 M 2  +  3 M 3  =  54  ( 6)
Counting the incidence of 1-secants with point of type D, we get
M 2  +  2 M 3  =  24  ( 7)
From equation (4), we get M 3 =  0 , hence M 2 =  24, therefore from equation (5) 
we obtain that M i =  6 .
The 1-secants of the 4 -arc are the lines of type L2 , Lg and M 2 with respect to 
Kg, whence
L q +  1/2 T  1^ 5 4" M 2  =  28  (8 )
Substituting Lq =  4  and M 2 =  24, in (8 ) we obtain L2 =  L5 =  0 .
The 0-secants of the 4 -arc are the lines of type L3 , Lg and M i with respect to 
Kg, therefore
L3 -b Lg -b M l -b 15 =  57 (9)
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and the number of 2-secants =  15, because the 2-secants of Kg are 0-secants of 
the 4-arc formed by the points of type D.
Substituting M i =  6  in (9), we get
I/3 +  I/g =  36
Counting the incidences of 0-secants with A-points, we get
3Iio +  L i -|- L2 +  I/3 =  42
Substituting Lq =  4, L i =  6  and L2 =  0  in (11), we get L3 =  24. 
And substituting L3 =  24 in equation (10), we get Lg =  1 2 .
T h e m eth o d  o f  fin d in g  th e  p o in ts  o f  w eight 2
(10)
( 11)
The group of projectivities G (K g) of the 6 -arc Kg consists of 24 elements which 
are:
Element Symbol Elment Symbol
"0 0 2 " '0 2 a® O'
n  = a 0 0 (123)(456) T2 = 0 0 1 (132)(465)
0 1 0 2 0 0
2 1 2 a 2 ■ 0 2 1
T3 = 2 a 1 0 (163)(245) T4 = 0 a a (361)(254)
a 1 0 2 a= 1 2 a
1 0 1 1 2 a® 0 ■
TS = a 0 2 a (164)(235) T6 = 1 2 a: (146)(253)
2 a a 2 21 1 a® 0
■ 0 1 1 2 a a®'
T7 = 2 a:^ 1 2 a (124)(356) Tg = 2 0 2 (142)(365)
0 1 2 2 0 1
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Symbol
(1453) 0-2 =
(2463) 0-4 =
(1256) 0-6 =
(34)(26) p 2  =
(14)(26)(35) P i  =
(15)(26) =
(15)(24)(36) p^  -
(16)(25)(34) /  =
O'!,0^ 2, C’a ,CTi,0’s , <76 is 4, and the order of p i , p 2 , p 3 , P i , P s , P 6 , P 7 , P s  and p g  is 2. 
So G (K e) is isomorphic to S4 .
Now, the B-points with respect to the 6 -arc Kg are partitioned into three orbits 
under G (K g)
Orbit 1  =  B i =  { 4 ,1 1 ,1 9 ,2 0 ,2 2 ,2 5 ,2 7 ,2 9 ,5 3 ,5 5 ,6 2 ,9 1 }  
Orbit 2 =  B 2 =  { 6 ,1 4 ,5 1 ,5 7 ,6 0 ,7 0 ,7 7 ,7 8 ,8 1 ,8 3 ,8 6 ,9 0 }  
Orbit 3 =  Bs =  { 1 5 ,2 4 ,3 1 }
As we have showed in Lemma 3.7.4, the 24 B-points of Kg, which are interior 
with respect to C , lie on the six sides of the quadrangle formed by the points of
Element
"1 0 1"
0-1 = 1 2a® 0
1 0 0
"2a 1 Ol
(T z  = 0 1 1
0 1 0
2a® 2a2 01
0"5 = 1 0 0
2 0 2
'a2 a® 1]
Pi  = 0 2 1
0 1 1
'2 1 2a2]
P Z  = 2 a a®
2 2a a2
1 a® 0
P 5  = 2a 2 0
2 1 2a^
2a® 1 2a '
Pi  = 2 1 2a"
a® 1
2a a2 2 '
P 9  = 2a:^ 2a® 2
a^ 2a: 2
Element Symbol
0 0 2
0 2 a a (1354)
2 0 1
1 0 2
0 0 2 a (2364)
0 2 a a
' 0 1 o'
a® 2 a 0 (1652)
0 2 2
■ 0 a® a®
0 2 0 (13)(45)(26)
2 a 1 0
r 2 0 L'
a 2 a® L (15)(34)
1 0 1
■ 1 0 0
2 a 0 2 a (15)(23)(46)
2 a® 0
r 0 2 1 "
= 2 0 1 (12)(34)(56)
0 0 1
'1 0 O'
: 0 1 0
0 0 1
'T6,T7 is 3, and the order
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C \K e , four on each side. The other three B-points, which are exterior, are the 
diagonal points of the quadrangle.
From §1.7, the four points of C \K g  are:
P (7) =  (! ,« = , 2« :), P(30) =  ( l ,2 a = ,« ) ,
F(33) =  (l,2 ,a= '), P (85) =
So the six sides of the quadrangle of these four points and the B-points on these 
lines are shown in Table 3.A, which foUows:
L ines P o in ts T he eq u ation
u 4 5 7° 13 31 53 60 65 81 85° X  +  2 a Y  +  a ‘ Z =  Q
6^ 6 70 9 15 33° 55 62 67 83 87 X  +  a^Y +  a ^ Y ^ O
2^1 21 22 24 30'' 48 70 77 82 7" 11 X  +  Y  +  2Z =  0
2^4 24 25 27 33° 51 73 80 85° 1 0 14 X  + 2 Y  +  2a^Z =  0
2^9 29 30° 32 38 56 78 85° 90 15 19 =  0
3^0 30° 31 33° 39 57 79 86 91 16 20 X  +  2a^Y +  Z =  0
where the points 15 , 24 , 31 are the diagonal points of the quadrangle formed by 
the points 7 , 30 , 33 , 85.
The group G (K e) leaves the set of four points C \K g invariant, this mean that 
this group leaves the set {^4 , 6^ ,^21 »^ 24 ,^29 ,^30} invariant.
Table 3.A shows that each of the sets B \ and B^ form a (12,3)-arc in PG(2,9), 
and by Lemma 3.7.5 none of the points of Bz lies on the 3-secants of B i or B 2 . 
Hence we deduce the following lemma:
L em m a 3 .7 .7
( 1 ) B iU  Bz forms a (15,3)-arc in PG(2,9) of type (0 ,1 .2 ,3).
(2) B 2 U Bz forms a (15,3)-arc in PG(2,9) of type (0,1,2,3).
From this we deduce the following theorem:
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T h eo rem  3 .7 .8
There are tw o projectively distinct (85,13;f)-arcs of type (10,13) having
Im f  = { 0 , 1 , 2 } for which the s ix  points of weight 0  form a 6 -arc having s ix
Brianchon points.
R em ark  on  T ables 3 .A , 3 .B , 3 .C , 3 .D  &: 3 .E
(1) The underlined points are points of the 6 -arc K i.
(2) The b o ld face  points are points of type  B with respect to  K i.
(3) The italic points are points of type  A  (B^-points) with respect to  K i.
(4) The points are points of type  D  with respect to Ki.
(5) The other points are points of type  C with respect to  K i.
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L ines P o in ts T h e eq u ation
1 2 4 10 28 50 57 62 78 82 Z =  0
^ 2 2 3 5 1 1 29 51 58 63 79 83 X  =  0
4 3 4 6 1 2 30° 52 59 64 80 84 X  +  2 a Y  =  0
4 4 5 7° 13 31 53 60 65 81 85° X  +  2 a Y  +  a^Z =  0
5^ 5 6 8 14 32 54 61 6 6 82 8 6 X  +  2 a Y  =  0
4 6 7 0 9 15 33° 55 62 67 83 87 x  +  a^ y  +  a ^ r  =  0
4 7° 8 10 16 34 56 63 6 8 84 8 8 X  +  2Y  +  2a^Z =  0
^ 8 8 9 1 1 17 35 57 64 69 85° 89 X  +  2a^Y +  a^Z =  0
9^ 9 10 1 2 18 36 58 65 70 8 6 90 X  +  2Y  +  a^Z =  Q
^ 1 0 R? 1 1 13 19 37 59 6 6 71 87 91 X  +  2 F  +  2  =  0
^ 1 1 1 1 1 2 14 2 0 38 60 67 72 8 8 1 y +  2 Z =  0
^ 1 2 1 2 13 15 2 1 39 61 6 8 73 89 2 X  +  2aZ  =  0
1^3 13 14 16 2 2 40 62 69 74 90 3 X  +  a " y  =  0
1^4 14 15 17 23 41 63 70 75 91 4 X  +  2a.Y +  2  =  0
4 s 15 16 18 24 42 64 71 76 1 5 y  +  2aZ  =  0
1^6 17 19 25 43 65 72 77 2 6 X  +  2 2  =  0
1^7 17 18 2 0 26 44 6 6 73 78 3 7° X  +  a y  =  0
4 s 18 19 2 1 27 45 67 74 79 4 8 X  +  2 a y  +  2a^2 =  0
4 9 19 2 0 2 2 28 46 6 8 75 80 5 9 X  +  2 a ^ y  +  2 a " 2  =  0
4 o 2 0 2 1 23 29 47 69 76 81 6 10 X  +  2 y  +  =  0
4 i 2 1 2 2 24 30° 48 70 77 82 7° 1 1 X  +  y  +  2 2  =  0
42 2 2 23 25 31 49 71 78 83 8 1 2 X  +  otY +  otZ ~  0
43 23 24 26 32 50 72 79 84 9 13 X  +  a ^ y  +  a ' 2  =  0
4 4 24 25 27 33° 51 73 80 85° 10 14 X  +  2 y  +  2 a^Z =  0
4 s 25 26 28 34 52 74 81 86 11 15 X  +  2a^ +  a®2 =  G
4  6 26 27 29 35 53 75 82 87 1 2 16 X  +  y  +  2 a " 2  =  0
4 7 27 28 30° 36 54 76 83 88 13 17 X  +  2 a^ y  +  2 a ' * 2  =  0
2^8 28 29 31 37 55 77 84 89 14 18 X  +  2 a ' y  +  2 2  =  G
4  g 29 30° 32 38 56 78 85° 90 15 19 X  +  a ' y  +  a ' 2  =  G
4 o 30° 31 33° 39 57 79 86 91 16 20 X  +  2 a ' y +  2  =  G
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L ines P o in ts T h e eq u ation
^31 31 32 34 40 58 80 87 1 17 21 y +  2a®Z =  0
^ 32 32 33° 35 41 59 81 88 2 18 22 X  +  a®Z =  0
^ 33 33° 34 36 42 60 82 89 3 19 23 x  +  y  =  0
34 35 37 43 61 83 90 4 20 24 X  Y 2 a Y  Y 2 a Z  =  0
^ 35 35 36 38 44 62 84 91 5 21 25 X +  a®y 4- % =  0
^36 36 37 39 45 63 85° 1 6 22 26 y +  a®y =  0
^ 37 37 38 40 46 64 86 2 7° 23 27 X  +  2a®y =  0
^38 38 39 41 47 65 87 3 8 24 28 X  +  2a®y =  0
^39 39 40 42 48 66 88 4 9 25 29 X - f  2 a y +  2a®y =  0
^40 40 41 43 49 67 89 5 1 0 26 30° X  +  2 y  +  2aZ  =  0
^41 41 42 44 50 68 90 6 11 27 31 X  +  a®y +  2a®y =  0
^42 42 43 45 51 69 91 7° 12 28 32 X  +  2a®y +  Z =  0
4 3 43 44 46 52 70 1 8 13 29 33° y +  2a®Z =  0
4 4 44 45 47 53 71 2 9 14 30° 34 X  +  =  0
4 s 45 46 48 54 72 3 1 0 15 31 35 X  +  2 y  =  0
4 e 46 47 49 55 73 4 11 16 32 36 X  +  2 a Y  +  aZ  =  0
4 t 47 48 50 56 74 5 12 17 33° 37 X  +  a ® y +  2a®Z =  0
4 s 49 51 57 75 6 13 18 34 38 X  +  2a® y +  aZ  =  0
4 9 49 50 52 58 76 7° 14 19 35 39 X  y  a®y -f- olZ =  0
4 o 50 51 53 59 77 8 15 20 36 40 X  y  a®y y  2Z =  0
4 i 51 52 54 60 78 9 16 21 37 41 X  y  a Y  y  a® y  =  0
4 2 52 53 55 61 79 1 0 17 22 38 42 x y 2y  y  2« y  =  o
4 3 53 54 56 62 80 11 18 23 39 43 x y a ^ y y 2 a ® y  =  0
4 4 54 55 57 63 81 12 19 24 40 44 x y 2 a ^ y y a ® y  =  0
4 s 55 56 58 64 82 13 20 25 41 45 X  y  a y  y  y  =  0
4 e 56 57 59 65 83 14 21 26 42 46 X y 2 a ® y y 2 a ® y  =  0
4  7 57 58 60 66 84 15 22 27 43 47 X y 2 a ^ y y 2 a ® y  =  0
4  8 58 59 61 67 85° 16 23 28 44 48 X  y  2a^y y  2 a y  =  o
4 9 59 60 62 68 86 17 24 29 45 49 X y  a®y  y  a Z  =  o
4 o 60 61 63 M 87 18 25 30° 46 50 X  y  a®y  y  2 a y  =  o
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T able 3 .A  (con tin u ed )
L ines P o in ts T h e eq u ation
6^1 61 62 64 70 88 19 26 31 47 51 y  y  2a® y  =  o
6^2 62 63 65 71 89 20 27 32 48 52 X y  a®y y  2a®y =  0
6^3 63 64 66 72 90 21 28 33° 49 53 X  y  2a®y y  a y  =  0
6^4 64 65 67 73 91 22 29 34 50 54 x y a ® y  y y  =  0
6^5 65 66 68 74 1 23 30° 35 51 55 y y  a® y  =  o
6^6 66 67 69 75 2 24 31 36 52 56 x y  2a®y =  0
6^7 57 68 70 76 3 25 32 37 53 57 X  y  2a®y =  0
6^8 68 69 71 77 4 26 33° 38 54 58 y y  2a® y  =  o
6^9 69 70 72 78 5 27 34 39 55 59 X  y  olY  y  2a® y  =  0
7^0 70 71 73 79 6 28 35 40 56 60 X y 2 a ® y  y  2a®y =  0
7^1 71 72 74 80 7° 29 36 41 57 61 X y  2a®y y 2 a y  =  0
6-72 72 73 75 81 8 30° 37 42 58 62 X -i-a ^ Y -h a ^ Z  =  0
7^3 73 74 76 82 9 31 38 43 59 63 x y  y y  a®y =  0
7^4 74 75 77 83 1 0 32 39 44 60 64 X Y 2 Y Y 2 Z  =  0
7^5 75 76 78 84 11 33° 40 45 61 65 X  y  a Y  y  2a y  =  0
7^6 76 77 79 85° 12 34 41 46 62 66 X  +  a^Y +  2 Z =  0
7^7 77 78 80 86 13 35 42 47 63 67 X  y  ctY y  2y y  o
7^8 78 79 81 87 14 36 43 48 64 68 X  y  a Y  y  a® y  =  0
7^9 79 80 82 88 15 37 44 49 65 69 X  y  a Z  =  0
8^0 80 81 83 89 16 38 45 50 66 70 X  y  CX.Y y  a® y  =  0
8^1 81 82 84 90 17 39 46 51 67 71 x y  y y  a®y =  0
8^2 82 83 85° 91 18 40 47 52 68 72 x y y y y = 0
8^3 83 84 86 1 19 41 48 53 69 73 y y  y =  0
4 4 84 85° 87 2 20 42 49 54 70 74 X  y  a Z  =  0
4 s 85° 86 88 3 21 43 50 55 71 75 x y a ® y  =  0
4 e 86 87 89 4 22 44 51 56 72 76 x y  2 a y  y  2a®y =  0
4 7 87 88 90 5 23 45 52 57 73 77 X y  2a®y y 2 y  =  0
48 88 89 91 6 24 46 53 58 74 78 X Y a Y  +  Z =  0
49 89 90 1 7° 25 47 54 59 75 79 X  y  a Z  =  0
4o 90 91 2 8 26 48 55 60 76 80 X  y  y  =  0
9^1 91 1 3 9 27 49 56 61 77 81 y  =  0
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§ 3 .8  T h e  case o f  th e  6-arc having tw o B rianchon  p o in ts
This case arises when the 6-arc k. formed by the points of weight 0 lies on a conic 
C and the four points of C \#c do not form a harmonic set. Let P i, P2 , P3 , P4 be 
four points of C \ k  for which the cross ratio [P i,P 2 | Pz,P^] f  —1 (by §1.7) these 
points are
P (7) =  (1 ,7 ,6 ), P (30) =  (1 ,8 ,3 )
P(33) =  (1 ,2 ,5 ), P(69) =  (1 ,4 ,3 ),
therefore, we get
K =  { P ( 1 ), P ( 2 ), P (3 ), P (7 2 ), P (7 6 ), P (8 5 )}
where P(i) is as defined in §1.5.
L em m a 3 .8 .1
Let U  be an exterior point of C ; then U  is not a Brianchon point of the 6 -arc tt. 
P roof:
Let U  be a P,.-point of the 6 -arc /c and suppose that U  is exterior to the conic 
C.
Then through U  there pass three 2-secants of the 6 -arc which means that no 
tangents through U  touch C at a point of the 6 -arc.
Thus the fourth 2 -secant of C through U  is P1P2 .
Then the tangents to C through U  touch C at P3 , P4 , which implies that
[Pi, P2 ; Ps, P4I = -1
which is a contradiction, and therefore, the Brianchon points are interior to C . 0  
L em m a 3 .8 .2
O f the points of intersection of two 2 -secants of C through Pi points, two are 
interior points and are the Brianchon points of k , and one is exterior and is a 
B -point o f K.
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P roof:
Let P i, —  ,P i be the four points of a C \K 2 , and suppose that R denotes the 
point of intersection of two 2 -secants PiPj and P/Pjb. There are three such points 
R. By Theorem 1.6.8, two of these points are interior, and the third is exterior. 
Suppose that the interior points are P i and R 2 , since these points are interior; 
there pass through each five 2-secants, of C , hence there pass through P i and P 2 
three 2 -secants of the 6 -arc k . So P i  and P 2 are Brianchon points.
Let us call the third point P 3 ; since P 3 is exterior to C , then there pass through it 
two tangents of C , which must be from the points of k , hence there pass through 
it two 2-secants and two 1-secants of a 6 -arc, it follows that P 3 is a B-point. □
Since we now know that the 6 -arc under discussion has exactly two Brianchon 
points and, in §3.3 we noted that this is projectively unique, we can legitimately 
denote it by K 2 .
L em m a 3 .8 .3
The points o f intersection of two tangents through Pi points are B-points of K 2 
and are exterior points of C .
P roof:
Let Q i , . . .  ,Qe be the six points of a 6 -arc, and let Sij denote the point of 
intersection of the tangent to C a t  Pi with the tangent to Cat P j. There are 
six such points S i j which, by definition, are exterior. By L e m m a  3.8.1 S ij is not a 
Brianchon point; therefore there are 2 -secants through Sij of type PiQn , PkQm- 
Hence the other two 2 -secants to C through Sij are the two 2 -secants of the 6 -arc. 
It follows that Sij is a B-point with respect to the 6 -arc. □
L em m a 3 .8 .4
The 2 -secants o f the conic C through Pi points have on them either:
(a) seven B-points of the 6 -arc, four of which are interior points and three are 
exterior poin ts and one C-point, which is an exterior point.
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or
(b ) Five B-points three of which are interior points and two are exterior points, 
and two C-points , which are exterior points.
P roof:
Let Q i , . . . , Q 6 be the six points of the 6 -arc K 2 , and be the other
points of the conic.
( a )
Suppose that PiPj is a 2-secant of C and contains no Brianchon point.
Let R be a point on PiPj. If R is a point of intersection of the two 2-secants PiPj 
and PtPk, say, then by Lemma 3.8.2 R is B-point of a 6 -arc K 2 and an exterior 
point of the conic C .
Let T be a point on PiPj and suppose through T there pass two 1-secants of C , 
one from one of the other points of C \K 2 , Pi and the other from a point of K 2 , 
Qm, say, so by definition, T is an exterior point of the conic C . Moreover through 
T there pass three 2-secants one of which PkQn, whilst the other two 2-secants 
are 2-secants of K 2 Hence T is a B-point with respect to K 2 , and on PiPj there 
are two such points (T).
Let S be a point on PiPj and suppose through S there pass two 1-secants of C from 
the points of the 6 -arc, Qi , Qj, say, so S is an exterior point of C . Then through 
S there pass three 2 -secants of C , two of which are Qm.Pl , QnPk, whilst the third 
is a 2-secant of K 2 , and hence S is C-point of K 2 There is only one such point 
S on PiPj .
Suppose that W is a point of PiPj and suppose that there passes no 1-secant of 
C through it; then W is an interior point of C , and so there pass through it five 
2 -secants of C , three of which are PiPj, PkQn and PiQm, whilst the other two
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are the 2-secants of K 2 ; therefore W is a B-point with respect to K 2 . And there 
are four such points W on PiPj.
(b )
Suppose that PiPk is a 2-secant of the conic C and contains one Brianchon point. 
Let R be a point on PiPk and not a Brianchon point, and suppose R is a point 
of intersection of two 1-secants ti and rrij where ti is a 1-secant through a point 
of C \ K 2 , and rrij is a 1-secant through a point of K 2 Then R is exterior (by 
definition), and hence through R there pass four 2-secants to the conic, two of 
them PiPk and PiQi, whilst the other two are 2-secants of K 2 . It follow that R 
is a B-point of K 2
Let T be a point on P/Pjb, and suppose through T there pass two 1-secants of 
C from the points Q* and Qj, of the 6 -arc K 2 Hence T is an exterior point of 
the conic (by definition); moreover through T there pass four 2 -secants of C two 
of which are 1-secants of K 2 , PiQm and PjQm whilst the fourth is a 2 -secant of 
K 2 It follows that T is a C-point with respect to K 2 , and on PiPk there are two 
such points T.
Suppose that W is a point of PiPk, and suppose that there passes no 1-secant of 
C through it. Hence W is an interior point of C , and so there pass through it five 
2 -secants of C , three of them are PgPt, PiQn and PjQm, whilst the other two are 
2-secants of K 2 Therefore W is a B-point with respect to K 2 Further, there are 
three such points W on PiPj (because the fourth interior point is the Brianchon 
point). Hence the theorem is proved. □
C oro llary
If P i , . . . ,  P4 are four points of C \K 2 , there are six lines joining them which are 
2-secants o f the conic C . These are of the following types:
(1 ) There are two lines PiPj of type (a).
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(2) There are four lines PiPj of type (b).
Type (a) and (b) are as in Lemma 3.8.4.
L em m a 3 .8 .5
The point Sij o f intersection of the two tangents t{ and rrij, to the conic C , where 
ti passes through Pi and ruj passes through Q j, has the following properties:
( 1  ) S ij is exterior,
(2) There are 24 such points,
(3) 1 2  o f these points are B-points with respect to the 6 -arc K 2 ,
(4) The other 1 2  are C-points with respect to the 6 -arc K 2
P roof:
Suppose that Q i , . . .  ,Qe  are the points of K 25 and P i , . . . ,  P4 are points of C \K 2 - 
Let Sij denote the point of intersection of the two 1 -secants and ruj
(1 ) Since Sij is the intersection of two tangents to C , it is an exterior point with 
respect to C .
(2 ) Since each of the four tangents ti intersects the six tangents rrij at one point, 
there are 24 points such Sij.
(3) Suppose that Sij lies on the line PgP*. Since Sij is an exterior point by (1 ), 
there pass through it four 2 -secants, two of them are PiPk and PnQmi whilst the 
other two are 2-secants of K 2 , and hence Sij is a B-point of K 2 Since there are 
six lines under consideration we have found 12  such points.
(4) Suppose that Sij does not lie on the line PtPk- Since Sij is an exterior point, 
then, of the four 2 -secants of C through Sij,  three are of the type PiQ i, whilst the 
fourth must be a 2-secant of K 2 and hence Sij is a C-point of K 2 There are 12 
such points, because there are four lines ti and three points Sij on each. □
We have now accounted for 30 of the 45 exterior points of C . The remaining 15 
are identified by the following lemma.
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L em m a 3 .8 .6
The remaining exterior points of the conic C are the points of intersection of two 
tangents through the points of K 2 . There are three types of such points:
(a) The unique point which is the intersection of the lines joining the points of 
C \ K 2 which is a B -point o f K^ .
(b) The 10 points lying on the line PiPj which are C-points of K 2 .
(c) The four points which do not lie on the line PiPj which are D-points of K 2 .
P roof:
Let Q i , . . . ,  Qe be the points of K 2 , and let P i , . . . , P4 be the points of C \K 2 - 
Suppose that T{j is a point of intersection of two 1 -secants through a point of K 2 , 
so Tij is an exterior point of the conic C .
(a)
Suppose Tij is a point of intersection of lines joining the points of C \K 2 - We saw 
from Lemma 3.8.2 that there are three such points, two of them are Brian chon 
points and the third is a B-point of K 2
(b)
If Tij lies on the line PiP j, and since Tij is exterior point of C , therefore through 
it there pass three other 2 -secants, two of them are of type PiQ i, whilst the third 
is a 2-secant of K 2 , and hence is a C-point of K 2 
From Lemma 3.8.4 and its corollary the number of such points is 10.
(c)
Suppose that Tij does not lie on any line PiPj. As Tij is an exterior point, there 
pass through it four 2 -secants of type P iQ j. Hence Tij is a D-point with respect 
to K 2 . □
We now discuss the interior points of K 2 We saw in Lemma 3.8.2 that two of 
the 36 interior points are Brianchon points these being the points of intersection 
of the lines joining the points of C \K 2 -
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L em m a 3 .8 .7
Of the remaining 34 interior points of the conic C exactly 20 are B-points and 14 
are C-points with respect to  K 2 .
P roof:
There are two cases to discuss separately:
(a) The interior point lies on one of the lines PiPj.
(b) The interior point does not lie on any line PiPj.
(a) Let R be one of the other interior points of C which lies on PiP j. Observe that
through it pass four other 2 -secants of the conic, of which two are 1-secants of K 2 , 
these being the lines of type PiQm  and hence the other two are 2 -secants of K 2 . 
It follows that R ij is a B-point with respect to K 2 It is clear from Lemma 3.8.4
and its corollary that the number of such points is 2 0 .
(b) Let S be one of the remaining 14 interior points of C which does not lie on 
any line P iP j. Then of the five 2 -secants of C through S, four are of type PiQj  
and so are 1-secants of K 2 , whilst the fifth must be a 2 -secant of K 2 and hence 
S is a C-point of K 2 □
These two equations have the integral solutions hsted in Table 3.9 which shows 
how the 0 -secants of the 6 -arc may be classified.
N u m b er o f  each ty p eT y p e  o f
0 -secan t
T able 3 .9 (A )
Similarly the 1 -secants and 2 -secants of the 6 -arc may be classified as in tables
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3.10 and 3.11 respectively.
T y p e  o f  
1-secan t
p 7 8
N u m b er o f  each ty p e
Ke Kz
M l 1 8 0 6 2
M , 2 6 1 24 8
Ma 3 4 2 — ■ -
T able 3 .1 0 (A )
T y p e  o f  
2-secan t
a /? 7
N u m b er o f  each ty p e
Ke K2
N o 0 6 2 — 10
N i 1 4 3 12 4
N 2 2 2 4 ■ 3 1
N .B .
pages.
Table 3 .1 1 (A )
The last two columns in tables 3.9, 3.10 and 3.11 are justified following
We can summarise the result of the previous lemmas by the following table:
P o in t w ith  
resp ect to  K 2
P oin t o f  
th e  con ic
E xter ior  poin t  
to  C
in terior poin t 
to  C
N u m b er o f  
th e  p o in ts
K -p o in t 6 — — 6
A -p o in t — — 2 2
B -p o in t — 19 20 39
C -p o in t — 22 14 36
D -p o in t 4 4 — 8
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L ines P o in ts T h e eq u ation
4 1 2 4 1 0 28 50 57 62 78 82 Z =  0
^2 2 3 5 1 1 29 51 58 63 79 83 X  =  0
4 3 4 6 1 2 30'" 52 59" 64 80 84 X  -f- 2 a Y  =  0
4 4 5 7° 13° 31 53 60 65 81 85 X  +  2 olY =  0
4 5 6 8 14 32 54 61 66 82 8 6 X  +  2 a Y  =  0
4 6 7° 9 15 33° 55 62 67 83 87 X  +  +  =  0
7^ 7° 8 1 0 16 34 56 63 6 8 84 8 8 X  +  2Y  +  2a^Z =  0
^8 8 9 1 1 17 35 57 64 69° 85 89 X  +  2a^Y +  a^Z =  0
4 9 1 0 1 2 18 36 58 65 70 8 6 90 X  +  2Y  +  a^Z =  0
^10 1 0 1 1 13"" 19 37 59^ 66 71 87 91 X  +  2 Y  +  Z =  0
^11 1 1 1 2 14 2 0 38 60 67 72 8 8 1 Y +  2Z =  0
^12 1 2 13*" 15 21 39 61 6 8 73" 89 2 X  +  2aZ  =  0
1^3 13° 14 16 2 2 40 62 69° 74 90 3 X  +  a^Y =  0
1^4 14 15 17 23^ 41 63 70 75 91 4 X  +  2 a Y  +  Z =  Q
1^5 15 16 18 24 42 64 71 76 1 5 Y  +  2aZ  =  0
4  e 16 17 19 25 43 65 72 77 2 6 X  +  2 Z =  0
1^7 17 18 2 0 26 44 66 73" 78 3 7" X  +  « y  =  0
1^8 18 19 21 27 45 67 74 79 4 8 X  +  2 a Y  +  2a^Z =  0
4 g 19 2 0 2 2 28 46 6 8 75 80 5 9 X  +  2a^Y +  2a^Z =  0
4 o 2 0 21 23° 29 47 69° 76 81 6 1 0 X  +  2 Y  +  0 .^  =  0
4 i 21 2 2 24 30^ 48 70 77 82 7" 1 1 X  +  Y  +  2Z =  0
4 2 2 2 23"" 25 31 49 71 78 83 8 1 2 X  -j- a Y  -f a Z  =  0
4  s 23° 24 26 32 50 72 79 84 9 13° X  +  a^Y  +  a^Z =  0
4 4 24 25 27 33° 51 73° 80 85 1 0 14 X  +  2Y  +  2a^Z =  0
4 s 25 26 28 34 52 74 81 8 6 1 1 15 X  +  =  0
4  6 26 27 29 35 53 75 82 87 1 2 16 X  +  Y  +  2a^Z ==0
4 7 27 28 30° 36 54 76 83 8 8 13° 17 X +  2 a ^ Y +  2 a^Z =  0
4 8 28 29 31 37 55 77 84 89 14 18 X  +  2a^Y + 2 Z  =  0
4 q 29 30° 32 38 56 78 85 90 15 19 X  +  a^Y +  a^Z =  0
4 o 30° 31 33° 39 57 79 8 6 91 16 2 0 X  +  2a^Y +  Z =  0
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L ines P o in ts T h e eq u ation
3^1 31 32 34 40 58 80 87 1 17 21 Y  +  2 a'^Z =  0
3^2 32 33° 35 41 59° 81 8 8 2 18 2 2 X  +  a"Z =  0
3^3 33° 34 36 42 60 82 89 3 19 23" x  +  y  =  0
3^4 34 35 37 43 61 83 90 4 2 0 24 X  +  2 a Y  +  2aZ  =  0
3^5 35 36 38 44 62 84 91 5 21 25 x  +  a ^ y - f  y  =  0
3^6 36 37 39 45 63 85 1 6 2 2 26 y +  =  0
3^7 37 38 40 46 64 8 6 2 7° 23° 27 X  +  2 a^Z =  0
f-38 38 39 41 47 65 87 3 8 24 28 X  +  2o^ y =  0
3^9 39 40 42 48 66 8 8 4 9 25 29 X  +  2o:y -f- 2a^^ =  0
4^0 40 41 43 49 67 89 5 1 0 26 30" X  + 2 y  +  2 a Z  =  0
4^1 41 42 44 50 6 8 90 6 1 1 27 31 X + a ^ y  +  2 a^y =  0
4^2 42 43 45 51 69° 91 7° 1 2 28 32 X 4 -2 o ^ y 4 -Z  =  0
4^3 43 44 46 52 70 1 8 13° 29 33° y  +  2 o^y =  0
■£44 44 45 47 53 71 2 9 14 30° 34 X  +  a^Z =  0
4^5 45 46 48 54 72 3 1 0 15 31 35 X  +  2 7  =  0
46 46 47 49 55 73" 4 1 1 16 32 36 X  -f 2 a Y  -f clZ =  0
4  7 47 48 50 56 74 5 1 2 17 33° 37 X  +cc^Y +  2a^Z =  0
4 s 48 49 51 57 75 6 13° 18 34 38 X  2oc^Y -j- ctZ =  0
4 q 49 50 52 58 76 7° 14 19 35 39 X  ot^Y +  olZ  =  0
4 o 50 51 53 59° 77 8 15 2 0 36 40 X  +  a^Y +  2Z =  0
4 i 51 52 54 60 78 9 16 21 37 41 X  +  a Y  +  a^Z =  0
4 2 52 53 55 61 79 10 17 2 2 38 42 X  +  2Y  +  2aZ  =  0
4 3 53 54 56 62 80 11 18 23° 39 43 X  +  a^Y +  2a^Z =  0
4 4 54 55 57 63 81 1 2 19 24 40 44 X  +  2a^Y +  a^Z =  0
4 s 55 56 58 64 82 13" 2 0 25 41 45 X  -f- olY  P  Z =  0
4 e 56 57 59° 65 83 14 21 26 42 46 X  + 2a^Y + 2a^Z =  0
47 57 58 60 66 84 15 2 2 27 43 47 X  + 2a^Y + 2a^Z =  0
4s 58 59° 61 67 85 16 23° 28 44 48 X  + 2 a^Y + 2aZ  = 0
4q 59° 60 62 6 8 8 6 17 24 29 45 49 X  -j- 0 ^  Y  -j- otZ =  0
4o 60 61 63 69° 87 18 25 30° 46 50 X  Yot^Y Y 2 a Z  =  0
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T able 3 .B  (con tin u ed )
L ines P o in ts T h e eq u ation
61 62 64 70 88 19 26 31 47 51 y +  2a^Z =  0
6^2 62 63 65 71 89 20 27 32 48 52 X - f  a '^ y +  2a^Z =  0
6^3 63 64 66 72 90 21 28 33° 49 53 X  4- 2a^ y -h aZ  =  0
6^4 64 65 67 73° 91 22 29 34 50 54 X - j - a ^ Y - h Z  =  0
6^5 65 66 68 74 1 23° 30° 35 51 55 Y  +  a^Z =  0
6^6 66 67 69° 75 2 24 31 36 52 56 X -j-2 a ^ Z  =  0
6^7 67 68 70 76 3 25 32 37 53 57 X  +  2a^Y =  0
6^8 68 69° 71 77 4 26 33° 38 54 58 Y  +  2a^Z =  0
6^9 69° 70 72 78 5 27 34 39 55 .59° X  +  a y - f  2 a^Z =  0
7^0 70 71 73° 79 6 28 35 40 56 60 X  +  2 a ^ y +  2a^Z =  0
7^1 71 72 74 80 7° 29 36 41 57 61 X  +  2a^Y  +  2aZ  =  0
7^2 72 73° 75 81 8 30° 37 42 58 62 X  +  a^Y +  a'^Z =  0
7^3 73° 74 76 82 9 31 38 43 59° 63 X - h Y  +  a^Z =  0
7^4 74 75 77 83 10 32 39 44 60 64 x  +  2 y +  2% =  0
7^5 75 76 78 84 11 33" 40 45 61 65 X  +  a Y  +  2 aZ  =  0
7^6 76 77 79 M 12 34 41 46 62 66 X  +  a^Y +  2Z =  0
77 78 80 86 13" 35 42 47 63 67 X  +  a Y  +  2Z +  0
7^8 78 79 81 87 14 36 43 48 64 68 X  +  a Y  +  a^Z =  0
7^9 79 80 82 88 15 37 44 49 65 69" X  +  a Z  =  0
fsQ 80 81 83 89 16 38 45 50 66 70 X  +  a Y  +  a^Z = 0
8^1 81 82 84 90 17 39 46 51 67 71 X  +  Y  +  a''‘Z  =  0
8^2 82 83 85 91 18 40 47 52 68 72 X  4~ y  z  = 0
8^3 83 84 86 1 19 41 48 53 69" 73" y +  z  =  0
&4 84 85 87 2 20 42 49 54 70 74 X  +  o l Z  =  0
8^5 85 86 88 3 21 43 50 55 71 75 x  +  =  0
8^6 86 87 89 4 22 44 51 56 72 76 X  +  2 a Y  +  2a^Z =  0
8^7 87 88 90 5 23° 45 52 57 73° 77 X  +  2a^Y +  2Z  =  0
8^8 88 89 91 6 24 46 53 58 74 78 X  +  a Y  Y  Z =  0
8^9 89 90 1 7" 25 47 54 59" 75 79 X  +  a Z  =  0
9^0 90 91 2 8 26 48 55 60 76 80 X  +  Z =  0
9^1 PI 1 3 9 27 49 56 61 77 81 y  =  0
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The projective group of K 2 has the following elements:
SymbolElement Element
0 a» 1 2 2 « 2  0
Tl = 0 1 0 (13)(25)(46) T2 = 0 1 0
1 2 a^ 0 0 a  2
"0 1 2 ' ’ 1 0 o'
T3 = 0 1 0 (13)(24)(56) 1  = 0 1 0
2 1 0 0 0 0
Symbol
(26)(45)
Since the order of the projectivities T i  , Tg and T3 is 2 ,  so G { K 2 ) is isomorphic to 
Z 2 X %2
The remaining B-points of the 6 -arc K 2 are partitioned into the following classes;
under the action of the group of projectivities of K 2
(1) Cl =  { P ( 6 ), P(25), P(46), P (62)} (2) C; =  {P (5), P {8 8 )}
(3) C3 =  {P (2 6 ),P (4 8 ),P (6 8 ),P (8 2 )}  (4) C4 =  {P (11 ),P (71 )}
(5) C5 =  {P (1 8 ),P (5 5 ),P (6 0 ),P (8 3 )}  (6 ) C« =  {P (10 ),P (37 )}
(7) Cr =  {P (1 2 ),P (1 6 ),P (4 3 ),P (7 9 )}  (8 ) C, =  {P (4 5 ),P (5 7 )}.
So the six sides of the quadrangle of these four points and the B-points on these
lines are shown as follows (using Table 3.B):
L ines P o in ts T h e eq u ation
6^ 6 7° 9 15 33° 55 62 67 83 87 X  +  a^Y +  a^Y =  0
2^1 21 22 24 30° 48 70 77 82 7° 11 X  4 -y  4 -2 2  =  0
3^0 30° 31 33° 39 57 79 86 91 16 20 X -k 2 a ^ y  4 -2  =  0
4^2 42 43 45 51 69° 91 7° 12 28 32 X 4 -2 a ^ y  4 -2  =  0
6^0 60 61 63 69° 87 18 25 30° 46 50 X - f a ^ y  4 -2 a 2  =  0
6^8 68 69° 71 77 4 26 33° 38 54 58 y  4-20^2 =  0
T h eo rem  3 .8 .9
The eight points of type  D  with respect to K 2 form an 8 -arc.
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P roof:
Of the eight points of type D  with respect to Kg, four of them are the points 
P i, . . . ,  P4 of C \K g , whilst the other four are 
P i =  P (13) =  ( l ,a ,2 a = )  =  P(23) =  (1 , 2 , 2 0 )^
D , =  P (59) =  (1 , 2 a \  a2) =  P(73) =  (1 , a \ 2 a=)
Lemma 3.8A  showed that none of the points P i , . . .  , ^ 4  lie on the 2-secants of 
the conic through P i , . . . , P 4 .
To prove that no three points of P i , . . . ,  P 4 are collinear we show that the 
determinant of any three points is non-zero.
The determinant of the points P i , P 2 ,P s  is
det
1 a  2a^
1 2 2«2
1 2a^
Similarly any combination of three permutation of P i , . . .  P 4 ,  gives us a non-zero 
determinant. Hence no three points of type D  are collinear and it follows that 
the points of type D  form an 8 -arc in PG(2,9). □
We now calculate the number of 0-secants, 1-secants and 2-secants of Kg. By
Lemma 3.8.4 there are two 0-secants of type L4 , and at least four 0-secants of 
type L i. Since there are two Brianchon points through each there pass three 0- 
secants of type L i (passes through two points P», V j)  therefore, there are exactly 
six 0 -secants of type L i.
The points of type D  form an 8 -arc A , and by Lemma 1.6.1: 
the number of 2 -secants of A  =  Q) =  28, 
the number of 1-secants of A  =  kt =  k(q-}-2-k) =  24, 
the number of 0 -secants of A  =  91 - (28 +  24) =  39.
The 2-secants of A  are the lines of type L i, L4  and M 3 with respect to Kg, 
therefore,
L i  +  L 4 + M s =  2 8  (1)
The 1-secants of A  are the hnes of type Lg, L5 and Mg with respect to Kg, hence
Lg -j- Ls -j- Mg =  24 (2 )
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The 0-secants of an 8 -arc are the lines of type L3 , Le and M i with respect to 
Kg, therefore
1^ 3 +  Le 4- M l =  39 (3)
Counting the number of 1-secants of Kg, we get
M l 4- Mg 4- M 3 =  30 (4)
Counting the incidence of 1-secants with point of type B, gives
M l 4- 2Mg 4 - 3M 3 =  78 (5)
Counting the incidence of 1-secants with points of type D, we get
Mg 4- 2M 3 =  48 (6)
Since L i =  6 and L4  =  2 by solving the equations (1), ... , (6), we obtain the 
following
M l =  2, Mg =  8 and M 3 =  20
Counting the number of 2-secants of the 6-arc Kg, we get
N g - k N i 4 - N o  =  15 { ! ' )
Counting the incidences of 2-secants with A-points, we get
2Ng 4- N i =  6 (2')
Counting the incidences of 2-secants with B-points, we get
2Ng 4-4 N i -H 6N 0 =  78 (S')
Since the line of coUinearity of the B,.-points is a 2-secant of Kg therefore there is 
only one 2-secant of type Ng, this means that from equation (1) and (2), N i  =  4 
and N o =  10.
119
C h a p te r  3: M in im u m  ( k ,n ; f ) - a r c
Counting the number of 0-secants of Kg, we get
i=6
Y ^ L i =  46 (4')
i=l
Counting the incidences of 0-secants with A-points, we get
+  Lg +  L3 =  14 (5')
Counting the incidences of 0-secants with B-points, we get
5Li - f  4Lg 3 L3 4- 7L4 4- 6 L5 4- 5Lfl =  234 (6 ')
Counting the incidences of 0-secant with D-point, we obtain
2Li 4- Lg 4- 2 L4 4- L5 =  32 (7')
From Table 3.B, we find L3 =  4, then by using the equations ( 1 ) , . . .  , ( 6 ) above
we obtain that Lg =  4, L5 =  12 and Le =  18.
D efin ition : A line of (k,n;f)-arc is called of type (x,y,z) if contains x points of 
weight 2 , y points of weight 1 and z points of weight 0 .
T h e co n stru c tio n  o f  th e  p o in ts o f  w eight 2
Referring to the T able 3 .B  we see that the line of coUinearity of the Brianchon 
points is a 2-secant of Kg, which is the line fgi, and so there are on it two B- 
points, which are the points P(49) and P(56), and they are by (Lemma 3.3.1) 
points of weight 2 with respect to the (85,13;f)-arc K.
And also referring to the T able 3 .B  we see that the lines smd £ ^ 8  are 1-secants
of the 6 -arc Kg of type M i, i.e. there is on each one B-point, which is the point 
P(87), and by Lemma 3.3.1, P(87) is a point of weight 2 .
Lem m a 3.8 .10
(1) E very B -point of the 6-arc Kg which lies on those 1-secants which pass through
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the poin ts P(49) and P(56), is a point of weight 1.
(2) The B-points of the 6-arc Kg which He on the 2-secants joining the points 
P(49) , P(56) and P(87), are points of weight 1.
Let B i  =  {P (4 9 ),P (5 6 ),P (8 7 )}
P roof:
( 1 ) Since P(49) and P(56) are B-points therefore there pass through them two 
1-secants and two 2-secants of the 6 -arc Kg.
From Table 3.B through the points P(49) and P(56) there pass the following 
1 -secants ^49 , ies , £ 2 9  and £qq respectively, as shown in the following table:
L ines P o in ts T h e eq u ation
£ 2 9 29 30° 32 38 56 78 85 90 15 19 X P cl^ Y d-a^Z =  0
£ 4 9 49 50 52 58 76 7° 14 19 35 39 X  +  ol^ Y +  a Z  =  0
£g3 63 64 66 72 90 21 28 33° 49 53 X  +  2a'^Y P a Z  =  0
£&g 6 6 67 69° 75 2 24 31 36 52 56 X p 2 a ^ Z  =  0
Since every 1 -secant of the 6 -arc contains only one point of weight 2  (Lemma 
3.3.1), it follows that the other B-points on the the above 1-secants are points of 
weight 1 . i.e. {P (50), P(63), P(15), P (67)} are points of weight 1 .
( 2 ) Similarly, through the points P(49) and P(56) there pass the following 2 - 
secants fgj , ^@4 and 8^6? the last two contain P(87). This is shown in the following 
table:
L ines P o in ts T h e eq u ation
8^4 84 85 87 2 2 0 42 49 54 70 74 X  -)- olZ  =  0
£%G 8 6 87 89 4 2 2 44 51 56 72 76 X - f  2 a y  +  2 a " 2  =  0
£91 91 1 3 9 27 49 56 61 77 81 y  =  0
Since these lines are 1 0 -secants of kind (2,2,6) of the (85,13;f )-arc by Lemma 3.2.4, 
it follows that, the B-points (which are not any of P(49), P(56) and P(87)) are
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points of weight 1 . And these points from the above Table are
{P (4), P (20), P(22), P(42), P(51), P(54), P(70), P ( 8 6 )}. □
Hence we deduce the following table:
P o in ts  o f  w eigh t 2 T h e p o in ts  o f  w eight 1
P(49) P(4) P(15) P (2 0 ) P (2 2 )
P(56) P(42) P(50) P(51) P(54)
P(87) P(63) P(67) P(7G) P (8 6 )
T able 3 .13
Every 0 -secant of the 6 -arc Kg is either a 10-secant of type (0,10,0), or 13-secant 
of type (3,7,0) by Theorem 3.3.1. Therefore, the B-points on each 0-secant are 
either all points of weight 1 , or th ree  of them are points of weight 2 .
From T able 3 .9 , there are four 0-secants of type L3 which contain three B-points. 
From T able 3 .B  the lines of type L3 are £ 2 8  , £ 3 5  , ^74 , 8^8, as we show in the 
following table.
L ines P o in ts T he equation
2^8 28 29 31 37 55 77 84 89 14 18 X  4 - 2oP Y  4 -2 2  =  0
£ 3 5 35 36 38 44 62 84 91 5 21 25 X  4“ o^Y  4 -2  =  0
7^4 74 75 77 83 1 0 32 39 44 60 64 X 4 -2 T  4 -2 2  =  0
^88 8 8 89 91 6 24 46 53 58 74 78 X  4- « y  4- 2  =  0
The B-points on ^ 8  are P (8 8 ) , P (6 ) and P(46). There are two possibilities:
(1) The points P (8 8 ), P (6 ) and P(46) are points of weight 2 ,
(2) The points P (8 8 ), P (6 ) and P(46) are points of weight 1.
(1) Suppose that the B-points on are points of weight 2, which are 
Bg =  {P (8 8 ),P (6 ),P (4 6 )} .
Now, if we are looking to the 0 -secants of type L5 , from Table 3.9 there
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are 18 0 -secants of this type, three of them pass through one of the points 
{P (49), P (56), P (87)} and the other 15 contain five B-points, two of these five 
B-points are points of weight 1 according to Table (3.13). Therefore every 0- 
secant which contains one of the points, P (6 ), P(46) and P (8 8 ) is a 13-secant of 
the (85,13;f)-arc. This means the other two B-points on each are points of weight 
2 .
The 15 0-secants of type Ls are listed in the following table:
L ines P o in ts T he eq u ation
£ 5 5 6 8 14 32 54 61 66 82 8 6 X  +  2 a Y  =  0
£ 9 9 1 0 1 2 18 36 58 65 70 8 6 90 X  +  2Y  =  0
£i8 18 19 21 27 45 67 74 79 4 8 X  -j- 2 a Y  -f- 2q  ^Z =  0
£ 1 9 19 2 0 2 2 28 46 6 8 75 80 5 9 X 4- 2 o ^ y -f-2 o^^ =  0
£ 2 5 25 26 28 34 52 74 81 8 6 1 1 15 X  -f 2 a^ -f-a^Z =  0
£’34 34 35 37 43 61 83 90 4 2 0 24 X  -f 2a Y  -h 2aZ  =  0
£ 3 9 39 40 42 48 66 8 8 4 9 25 29 X -F 2 « y  4 -2a^Z =  0
£ 4 1 41 42 44 50 6 8 90 6 1 1 27 31 X -h a ^ y - f  2 a"Z =  0
£ 5 1 51 52 54 60 78 9 16 21 37 41 X P a Y  +  a^Z =  0
£ 5 4 54 55 57 63 81 1 2 19 24 40 44 X  +  2a^Y -ha^Z =  0
£ 5 7 57 58 60 6 6 84 15 2 2 27 43 47 X  A 2 a ^ Y +  2a^Z =  0
£&i 61 62 64 70 8 8 19 26 31 47 51 Y  +  2a^Z =  0
£ 3 9 80 81 83 89 16 38 45 50 66 70 X  +  a Y  +  a^Z =  0
£ 3 1 81 82 84 90 17 39 46 51 67 71 X  +  Y  +  a^Z =  0
Therefore, the points of weight 2  are:
B s  =  {P (5 ),P (8 2 ),P (6 8 ),P (4 8 ),P (2 5 ),P (1 1 ),P (6 2 ),P (2 6 ),P (7 1 )}
Hence the other B-points are points of weight 1 , i.e.
B 4 =  {P (10), P(12), P(16), P(18), P(37), P(43), P(45), P(55), P(57), P(60), P(79), P(83
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(2 ) Suppose that the B-points on g^g are points of weight 1 ; by the reason above 
that the set of points B 3 is a set of points of weight 1 , then the set of points B 4 
is a set of points of weight 2 .
From T able 3 .B  none of the points of B i  lies on the 0-secants of type L 5 ; there­
fore, no four points of the set B% U Bg U B 3 are collinear 
For the same reason, no four points of the set B i  U B 4 are collinear.
Hence we deduce the following lemma:
L em m a 3 .8 .1 1
(1) B i U Bg U B 3 form a (15,3)-arc in PG(2,9) of type (0,1,2,3).
(2) B i  U B 4  form a (15,3)-arc in PG(2,9) of type (0,1,2,3).
From the lemma above the following theorem follows:
T h eo rem  3 .8 .1 2
There are tw o projectively distinct (85,13;f)-arcs of type (10,13) having Im f  =  
{ 0 , 1 , 2 } for which the six points of weight 0  form a 6 -arc which lie on a conic and 
has two Brianchon points.
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§ T h e  case o f  th e  in com p lete  6-arc w hich d oes not lie  on  a conic
Using T ab le 3 .3  put Sz =  4, 3, 2 respectively. Then the points of PG(2,9) may 
be classified as in the Table 3.14.
T y p e  o f  
th e  p o in t
a 7
N u m b er o f  ty p e
KV
42 31
Table 3 .14
Let L be a 0-secant, and suppose that on L there are a  points of type A, /? points 
of type B, 7  points of type C and 6 points of type D, then
3a -b 2/3 -I- 7  =  15 
2/3 -b 4 7  -b =  30
So L may be of the following types:
N u m b er o f  0 -secantT y p e  o f
0 -seca n t
Table 3 .15
Let M be a 1-secant , and suppose that on M there are /3 B-points, 7  C-points 
and S D-points, then
^ -b 7  -b  ^ =  9 
2 ^ - b 7  =  10
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So M may be of the following types:
T y p e  o f N u m b er o f  1-secant
1-secan t
M
Table 3 .16
Let N be a 2-secant, and suppose that on N there are a  A-points, /? B-points and 
7  C-points, then
a  +  /? +  7  =  8 
2 a  -f =  6
So N has the following types:
T y p e  o f  
0 -secan t
OL P 7
N u m b er o f  2 -secant
K 4 K a K z '
Nn 0 6 ~ 2 6 6 10
N . 1 4 3 6 9 4
N i 2 2 4 3 — 1
Table 3 .17
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Table 3.C
C h a p te r  3: M in im u m  ( k ,n ; f ) - a r c
type L ines P o in ts T h e eq u ation
2 -seca n t ^1 1 2 4 1 0 28 50 57 62 78 82 Z =  0
2 -secan t ^2 2 3 5 1 1 29 51 58 63 79 83 A  = 0
1-secant 3^ 3 4 6 1 2 30 52 59° 64 80 84 X  +  2 a Y  =  0
1 -secant £4 4 5 70 13 31 53 60 65 81 85° X  +  2 a Y  +  a^Z = 0
h 5 6 8 14 32 54 61 6 6 ° 82 86 X  +  2 a Y  =  0
U 6 70 9 15 33° 55 62 67 83 87 X  +  a ’ F  +  a ^ r  =  0
4 7" 8 1 0 15 34° 56 63 6 8 84 8 8 X  +  2 Y  +  2 a ‘ Z  =  0
4 8 9 1 1 17 35 57 64 69 85° 89 X  +  2q^Y Y a ^ Z  =  <A
4 g 1 0 1 2 18 36 58 65 70 86 90 X  +  2Y  +  a^Z  =  0
1-secant 4 o 1 0 1 1 13 19 37 59° 6 6 ° 71 87 91 X  +  2Y  +  Z =  0
2 -secan t ^11 1 1 1 2 14 20 38 60 67 72 8 8 1 Y +  2Z =  0
2 -secan t ^12 1 2 13 15 21 39 61 6 8 73° 89 2 X  -f- 2 a ^  =  0
2 -secan t 4 s 13 14 15 2 2 40 62 69 74 90 3 X  +  a^Y =  0
4 4 14 15 17 23 41° 63 70 75° 91 4 X  +  2ocY +  Z =  0
2 -secan t 4 s 15 15 18 24 42 64 71 76 1 5 Y  -f 2aZ  =  0
2 -secan t 1^6 15 17 19 25 43 65 72 77 2 6 X  +  2Z =
1-secant 4 ? 17 18 20 26 44 6 6 ° 73° 78 3 7° X  -f « y  -  0
1^8 18 19 21 27 45 67 74 79 4 8 X  +  2 a Y  +  2a^Z =  0
4  9 19 20 2 2 28 46 6 8 75° 80 5 9 X  +  2a^Y +  2a^Z =  0
1-secant 4 o 2 0 21 23 29 47° 69 76 81 6 1 0 X  +  2 Y  +  a'-‘ =  0
4 i 21 2 2 24 30 48 70 77 82 7° 1 1 X  +  Y  +  2Z =  0
4 2 2 2 23 25 31 49 71 78 83 8 1 2 X  -f- olY  -(- ctZ =  0
2 -secan t 4 s 23 24 26 32 50 72 79 84 9 13 X  +  a^Y Y a ^ z  =  0
4 é 24 25 27 33 51 73° 80 85° 1 0 14 X  Y 2 Y  Y 2 a ^ Z  =  0
4 s 25 26 28 34° 52 74 81 86 1 1 15 X  +  2a^ Y  Z  =  0
4 e 26 27 29 35 53 75° 82 87 1 2 16 X Y Y Y  2a ‘ z  =  0
2 -secan t 4  7 27 28 30 36 54 76 83 8 8 13 17 X  Y 2 a ^ Y  Y 2 a ^ Z  =  0
4 s 28 29 31 37 55 77 84 89 14 18 X  Y 2 a ^ Y  Y 2 Z  =  0
4  9 29 30 32 38 56 78 85° 90 15 19 X  Y a ^ Y  Y a ^ Z  =  0
.
4 o 30 31 33 39 57 79 86 91 16 20 X  +  2a^Y Y Z  =  0
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C h a p te r  3: M in im u m  ( k ,n j f ) -a r c
type L ines P oin ts T h e eq u ation
1 -secant 3^1 31 32 34° 40 58 80 87 1 17 21 Y-{-2a^Z  =  0
1 -secant 3^2 32 33 35 41° 59° 81 8 8 2 18 2 2 X  OL^ Z =  Q
1 -secant 3^3 33 34° 36 42 60 82 89 3 19 23 X  +  Y  =  0
3^4 34° 35 37 43 61 83 90 4 20 24 X  +  2 a Y  +  2aZ  =  0
3^5 35 36 38 44 62 84 91 5 21 25 X  +  a^Y +  Z = ^ 0
1-secant 3^6 36 37 39 45 63 85° 1 6 2 2 26 Y  +  a^Z =  0
1 -secant 3^7 37 38 40 46 64 86 2 7° 23 27 X  +  2a^Z =  0
1 -secant 3^8 38 39 41° 47° 65 87 3 8 24 28 X  +  2a^Y =  0
3^9 39 40 42 48 6 6 ° 8 8 4 9 25 29 X  -f 2 a Y  -F 2a^Z =  0
4^0 40 41° 43 49 67 89 5 1 0 26 30 X  +  2Y  +  2 a Z  =  0
£ 4 1 41° 42 44 50 6 8 90 6 1 1 27 31 X  +  a^Y +  2 a^Z =  0
£ 4 2 42 43 45 51 69 91 7° 1 2 28 32 X  -f- 2a^y +  Z =  0
2 -secan t £ 4 3 43 44 46 52 70 1 8 13 29 33 Y  +  2a^Z =  0
1-secant £ 4 4 44 45 47° 53 71 2 9 14 30 34° X  Y a ^ Z  =  0
2 -seca n t £ 4 5 45 46 48 54 72 3 1 0 15 31 35 X  +  2Y  =  0
£ 4 6 46 47° 49 55 73° 4 1 1 16 32 36 X  +  2 a y  Y a Z  =  0
£ 4 7 47° 48 50 56 74 5 1 2 17 33 37 X  Y a ^ Y  Y 2 a ^ Z  =  0
£ 4 8 48 49 51 57 75° 6 13 18 34° 38 X  Y 2 a ^ Y  Y c tZ  =  0
£ 4 9 49 50 52 58 76 7° 14 19 35 39 X Y a ^ Y Y c t Z  =  0
£ 5 0 50 51 53 59° 77 8 15 20 36 40 X Y c t ^ Y Y 2 Z  =  0
£ 5 1 51 52 54 60 78 9 16 21 37 41° X  -f- a Y  Y  cx^  Z  =  0
£ 5 2 52 53 55 61 79 1 0 17 2 2 38 42 X  Y  2Y  Y  2aZ  =  0
£ 5 3 53 54 56 62 80 1 1 18 23 39 43 X d - a ^ y +  2 a^Z =  0
£ 5 4 54 55 57 63 81 1 2 19 24 40 44 X  Y 2 a ^ Y  Y a ^ Z  =  0
1-secant £ 5 5 55 56 58 64 82 13 20 25 41° 45 X  Y a Y  Y  Z =  0
£ 5 6 56 57 59° 65 83 14 21 26 42 46 X Y 2 a ^ Y  Y 2 a ^ Z  =  0
£ 5 7 57 58 60 6 6 ° 84 15 2 2 27 43 47° X  +  2 a = y -f-2 a^Z =  0
£ 5 8 58 59° 61 67 85° 16 23 28 44 48 X  -|- 2a^ y -j- 2aZ  ~  0
£ 5 9 59° 60 62 6 8 86 17 24 29 45 49 X - f  a " y  +  aZ  =  0
£eo 60 61 63 69 87 18 25 30 46 50 X + a ^ y - f - 2 aZ  =  0
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T able 3 .C  (con tin u ed )
type L ines P oin ts T h e  eq u ation
^61 61 62 64 70 88 19 26 31 47° 51 Y  Y 2 a ^ Z  =  0
^62 62 63 65 71 89 20 27 32 48 52 X  Y a ^ Y  Y 2 a ^ Z  =
1-secant £-63 63 64 66° 72 90 21 28 33 49 53 X  -f- 2a^Y Y  ctZ =  0
^ 64 64 65 67 73° 91 22 29 34° 50 54 X Y a ^ Y Y Z  =  {)
1-secant £%S 65 66° 68 74 1 23 30 35 51 55 y - t -a ^ y  =  0
1-secant ^66 66° 67 69 75° 2 24 31 36 52 56 X Y 2 a ^ Z  =  ^
2-secan t ^ 67 67 68 70 76 3 25 32 37 53 57 X  +  2a^ y =  0
^68 68 69 71 77 4 26 33 38 54 58 y  +  2a^Z =  0
1-secant £g9 69 70 72 78 5 27 34° 39 55 59° X  YcxY Y2o:^Z =  0
£lO 70 71 73° 79 6 28 35 40 56 60 X Y 2 a ^ Y Y 2 a ^ Z  =  {)
1-secant £ ii 71 72 74 80 7° 29 36 41° 57 61 X  -h 2a^y +  2aZ  =  0
1-secant £72 72 73° 75° 81 8 30 37 42 58 62 X Y a ^ Y Y a " Z  =  0
1-secant £73 73° 74 76 82 9 31 38 43 59° 63 X Y Y Y a ^ Z  =  0
£74 74 75° 77 83 10 32 39 44 60 64 X Y 2 Y y 2Z =  0
1-secant £75 75° 76 78 84 11 33 40 45 61 65 X  - f  a Y  Y  2a Z =  0
1-secant £76 76 77 79 85° 12 34° 41° 46 62 66° X  +  a^Y +  2Z =  0
1-secant £77 77 78 80 86 13 35 42 47° 63 67 X  -f- a Y  -(- 2Z  -j- 0
£78 78 79 81 87 14 36 43 48 64 68 X  +  a y - f -a ^ y  = 0
£79 79 80 82 88 15 37 44 49 65 69 X  - f  a Z  =  0
^80 80 81 83 89 16 38 45 50 66° 70 X  Y  CX.Y Y  Z  =  0
^81 81 82 84 90 17 39 46 51 67 71 x - f - y  +  a^y =  0
1-secant ^82 82 83 85° 91 18 40 47° 52 68 72 X y Y y Z = 0
1-secant ^83 83 84 86 1 19 41° 48 53 69 73° Y  Y Z  =  0
1-secant £84 84 85° 87 2 20 42 49 54 70 74 X  d- a Z  =  0
1-secant £85 85° 86 88 3 21 43 50 55 71 75° X  +  a ^ r  =  0
2-secan t ^86 86 87 89 4 22 44 51 56 72 76 X  +  2 a Y  +  2a^Z =  0
^ 87 87 88 90 5 23 45 52 57 73° 77 X  +  2a^Y  +  2 2  =  0
£88 88 89 91 6 24 46 53 58 74 78 X + a Y + Z = 0
1-secant £89 89 90 1 7° 25 47° 54 59° 75° 79 X  + a Z  = 0
2-secan t £90 90 91 2 8 26 48 55 60 76 80 X  +  Z  =  0
2-secan t £91 91 1 3 9 27 49 56 61 77 81 Y =  0
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§ 3 .9 .1  T h e  case o f  th e  6-arc having tw o B r-poin ts
From §1.7, one of the 6 -arcs having two Brianchon points and not lying on a conic
is:
K 2 ' =  { P ( l ) ,  P ( 2 ), P (3 ), P (13 ), P (7 2 ), P (7 6 )}
From T able 3 .17 , there is only one 2-secant of type N 2 , which has two B-points. 
Since every 2-secant of the 6 -arc is a 10-secant of a (k,n;f)-arc of type (2,6,2), 
therefore every B-point on a 2-secant of type N 2 is a point of weight 2 . Thus 
P(5) and P(24) are points of weight 2 (by using T able 3 .C , the 2-secant of type 
N 2 is -^ 15.
Through P(5) there pass two 1-secants, which are £ 4  and leg and through P(24) 
pass two 1-secants, which are and 6^6- Each 1-secant has on it 3 B-points. 
(T able 3 .C )
Since every 1-secant of a 6 -arc is a 1 0 -secant of type (1 ,8 ,1 ) of (85,13,f)-arc 
{Theorem 3.2.4), it follows that all B-points on £4 , leg, £3 8 , £e6 are points of 
weight 1. Thus we deduce the following table:
P o in ts  o f  w eigh t 2 T h e p o in ts  o f  w eigh t 1
P(5) P(4) P (8 ) P(28) P(60)
P(24) P(70) P(27) P(67) P(56)
Table 3 .18
From T ab le 3 .16  there are sixteen 1-secants of type M2 , which have two B- 
points. By comparing the B-points of these 1-secants with T able 3 .C  we deduce 
the following set,
{P (1 2 ), P (8 9 ), P (4 6 ), P (25 ), P (77 ), P (5 4 )} , consists of points of
weight 2 .
Through each point there pass two 1-secants. Since each 1-secant has one point 
of weight 2 {Theorem 3.3.1), therefore, each B-point on these 1-secants is a point 
of weight 2. Through P(12) there pass two 1-secants £ 4  and 7^6 , each of which has 
P(12) as a point of weight 2. Therefore the other B-points are points of weight 1
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and so the set
{P (7 7 ), P (7 9 ), P (4 6 ), P (6 2 )}  consists of points of weight 1.
However we showed above that P(77) is a point of weight 2, which is a 
contradiction.
Hence we have proved the following theorem:
T h eo rem  3 .9 .2
There is no (85,13;f)-arc of type (10,13) having I m f  =  {0 ,1 ,2 }  for which the 6 
points of weight 0 form an incomplete 6-arc having two Br-points which do not 
lie on a conic.
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Table 3 .D
C h a p te r  3: M in im u m  (k ,n ; f ) -a r c
t y p e L ines P oin ts T h e eq u ation
2-secan t £i 1 2 4 10 28 50 57 62 78 82 Z =  0
2-secan t £ 2 2 3 5 11 29 51 58 63 79 83 x  =  o
1- s e c a n t £z 3 4 6 12 30 52° 59 64 80 84 X  f  2 a Y  =  0
u 4 5 7° 13° 31 53 60 65 81 85 X  -f- 2clY  OL^ Z  =  0
4 5 6 8 14 32 54 61 66 82 86 X  Y 2 a Y  =  0
4 6 7° 9 15 33 55 62 67 83 87 X  +  a ^ r  +  a='y =  0
1- s e c a n t 4 7° 8 10 16 34 56 63 68 84 88 X  +  2 Y  +  2a^Z = 0
4 8 9 11 17 35 57 64 69 85 89 X  + 2 a ^ Y  +  a^Z =  0
4 9 10 12 18 36 58 65 70 86 90 X  +  2 Y  Y a ^ Z  =  0
1^0 10 11 13° 19 37 59 66 71 87 91 X  Y 2 Y  Y  Z =  0
2-secan t £ 1 1 11 12 14 20 38 60 67 72 88 1 Y  Y  2Z =  0
1- s e c a n t £ 1 2 12 13° 15 21 39 61 68 73° 89 2 X  -j- 2 a Z =  0
1- s e c a n t £ 1 3 13° 14 16 22 40 62 69 74° 90 3 X  Y  a^Y =  0
£ 1 4 14 15 17 23 41 63 70 75° 91 4 X  Y  2 a Y  Y  Z =  0
2-secan t £ 1 5 15 16 18 24 42 64 71 76 1 5 Y  +  2 a Z  =  0
2 -secan t £i6 16 17 19 25 43 65 72 77 2 6 X Y 2 Z  =  0
1- s e c a n t £n 17 18 20 26 44 66 73° 78 3 7° X  +  o Y  =  0
£i 8 18 19 21 27 45 67 74° 79 4 8 Jf +  2 a y  +  2a^2 =  0
£ 1 9 19 20 22 28 46 68 75° 80 5 9 X  +  2o?Y  +  2a^Z =  0
1- s e c a n t £ 2 0 20 21 23 29 47 69 76 81 6 10 X  +  2 F  +  =  0
£ 2 1 21 22 24 30 48 70 77 82 7° 11 X y Y y 2Z =  0
£ 2 2 22 23 25 31 49 71 78 83 8 12 X  +  a Y  +  a Z  =  0
1- s e c a n t £ 2 3 23 24 26 32 50 72 79 84 9 13° X Y a ^ Y Y a ^ Z  =  0
£ 2 4 24 25 27 33 51 73° 80 85 10 14 X Y 2 Y Y 2 a ^ Z  =  0
1- s e c a n t £ 2 5 25 26 28 M 52° 74° 81 86 11 15 X  +  2a" +  a^Z =  0
£ 2 6 26 27 29 35 53 75° 82 87 12 16 X  +  F  +  2a^F =  0
1- s e c a n t £ 2 1 27 28 30 36 54 76 83 88 13° 17 X  Y 2ai‘Y  Y 2 a ^ Z  =  a
£ 2 8 28 29 31 37 55 77 84 89 14 18 X + 2 a ^ F + 2 Z = 0
£ 2 9 29 30 32 38 56 78 85 90 15 19 X  +  a^F +  «■‘Z =  0
£ 3 0 30 31 33 39 57 79 86 91 16 20 X  +  2a"F +  2  =  0
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C h a p te r  3 : M in im u m  (k ,n ; f ) - a r c
type Lines P o in ts T h e eq u ation
2-secan t 3^1 31 32 M 40 58 80 87 1 17 21 Y  + 2 a ^ Z  =  0
1-secant 32 33 35 41 59 81 88 2 18 22 X  +  a^2 =  0
2-secan t 33 M 36 42 60 82 89 3 19 23 X  +  Y  =  0
1-secant £ 3 4 34 35 37 43 61 83 90 4 20 24 X  +  2 a Y  +  2aZ  =  0
£ 3 5 35 36 38 44 62 84 91 5 21 25 X  +  a^Y  +  Z =  0
1-secant £ 3 5 36 37 39 45 63 85 1 6 22 26 F  +  a “Z =  0
1-secant £ 3 7 37 38 40 46 64 86 2 7° 23 27 X  +  2a^Z =  0
£ 3 8 38 39 41 47 65 87 3 8 24 28 X  4- 2a^Y =  0
£ 3 9 39 40 42 48 66 88 4 9 25 29 X  +  2 a Y  +  2a^Z =  0
£ 4 0 40 41 43 49 67 89 5 10 26 30 X  +  2 F  +  2aZ =  0
£ 4 1 41 42 44 50 68 90 6 11 27 31 X  +  a ^ r  +  2a='Z =  0
£ 4 2 42 43 45 51 69 91 7° 12 28 32 X  +  2a^Y  +  Z =  0
1-secant £ 4 3 43 44 46 52° 70 1 8 13° 29 33 r  +  2a='Z =  0
2-secan t £ 4 4 44 45 47 53 71 2 9 14 30 34 X  +  a^Z =  0
2-secan t £ 4 5 45 46 48 54 72 3 10 15 31 35 X  +  2F  =  0
£ 4 6 46 47 49 55 73° 4 11 16 32 36 X  -f 2 a Y  -f a Z  =  0
£ 4 7 47 48 50 56 74° 5 12 17 33 37 X  +  a ^ y  +  2a“Z =  0
1-secant £ 4 8 48 49 51 57 75° 6 13° 18 M 38 X  +  2a^ y +  aZ  =  0
1-secant £ 4 9 49 50 52° 58 76 7° 14 19 35 39 X  +  a^Y  +  a Z  =  0
£ 5 0 50 51 53 59 77 8 15 20 36 40 X  +  a ''r  +  2Z =  0
£ 5 1 51 52° 54 60 78 9 16 21 37 41 X  +  « y  +  a “z  -  0
£ 5 2 52° 53 55 61 79 10 17 22 38 42 X  +  2F  +  2aZ =  0
£ 5 3 53 54 56 62 80 11 18 23 39 43 X  +  a’y +  2a^Z =  0
£ 5 4 54 55 57 63 81 12 19 24 40 44 X  +  2a^y +  a"Z =  0
£ 5 5 55 56 58 64 82 13° 20 25 41 45 X  -|- otY Y  Z =  0
£ 5 6 56 57 59 65 83 14 21 26 42 46 X  +  2a^Y +  2a^Z =  0
£ 5 7 57 58 60 66 84 15 22 27 43 47 X  +  2 a ’ Y  +  2a^Z =  0
£ 5 8 58 59 61 67 85 16 23 28 44 48 X  +  2 a ^ y +  2aZ = 0
£ 5 9 59 60 62 68 86 17 24 29 45 49 X  +  a^ y  +  a Z  =  0
£ 3 9 60 61 63 69 87 18 25 30 46 50 X  +  a ^ y +  2aZ =  0
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T able 3 .D  (continued)
type L ines P o in ts T h e eq u ation
6^1 61 62 64 70 88 19 26 31 47 51 Y  +  2a ^ Z  =  0
6^2 62 63 65 71 89 20 27 32 48 52° X  -t“ -f- 2ct^ z  =  0
1-secant £■63 63 64 66 72 90 21 28 33 49 53 X  +  2a ^ Y  +  a Z  =  0
1-secant 6^4 64 65 67 73° 91 22 29 34 50 54 X  +  a ^ Y  +  Z  =  0
1-secant 6^5 65 66 68 74° 1 23 30 35 51 55 Y  +  a ^ Z  =  0
1-secant 6^6 66 67 69 75° 2 24 31 36 52° 56 X  +  2a ^ Z  =  0
2-secan t 6^7 67 68 70 76 3 25 32 37 53 57 X + 2 a " y  =  0
6^8 68 69 71 77 4 26 33 38 54 58 y +  2a’ Z =  0
2-secan t £&9 69 70 72 78 5 27 M 39 55 59 X  +  O tY  +  2a ^  Z  ~  0
£79 70 71 73° 79 6 28 35 40 56 60 X  +  2a^ y +  2a^Z =  0
1-secant £71 71 72 74° 80 7° 29 36 41 57 61 X  +  2a" y  +  2aZ =  0
1-secant £72 72 73° 75° 81 8 30 37 42 58 62 X  +  a" y  +  =  0
1-secant £73 73° 74° 76 82 9 31 38 43 59 63 X  +  y  +  a"Z =  0
£74 74° 75° 77 83 10 32 39 44 60 64 X  +  2 y  +  2 Z =  0
1-secant £75 75° 76 78 84 11 33 40 45 61 65 X  -f- a Y  Y  2 a Z  =  0
2-secan t £76 76 77 79 85 12 M 41 46 62 66 X  +  a " y +  2Z =  0
£77 77 78 80 86 13° 35 42 47 63 67 X  +  a y  +  2Z +  0
£76 78 79 81 87 14 36 43 48 64 68 X  +  a y  +  a"Z =  0
£79 79 80 82 88 15 37 44 49 65 69 X  d- a Z  =  0
£99 80 81 83 89 16 38 45 50 66 70 X  d“ O tY  d" a ^  Z  =  0
£81 81 82 84 90 17 39 46 51 67 71 X  +  y +  a"Z =  0
1-secant £32 82 83 85 91 18 40 47 52° 68 72 x + y + z = o
1-secant £33 83 84 86 1 19 41 48 53 69 73° y +  z  =  o
1-secant £34 84 85 87 2 20 42 49 54 70 74° X  +  aZ  =  0
1-secant £35 85 86 88 3 21 43 50 55 71 75° X  +  a " y  =  0
2-secan t £36 86 87 89 4 22 44 51 56 72 76 X  +  2 a y  +  2a" Z =  0
£37 87 88 90 5 23 45 52° 57 73° 77 X  +  2a" y +  2Z =  0
£33 88 89 91 6 24 46 53 58 74° 78 X  d~ OtY Y Z =  0
1-secant £39 89 90 1 7° 25 47 54 59 75° 79 X  d- O tZ  =  0
1-secant £99 90 91 2 8 26 48 55 60 76 80 X Y Z  =  0
2-secant £91 91 1 3 9 27 49 56 61 77 81 Y  =  0
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§3.9.2 T h e  case o f  a 6-arc having th ree B r-poin ts
From §1.8, one of the 6-arc having three Brianchon points is:
K s =  { P ( l ) ,  P (2 ), P (3 ), P (3 4 ), P (72 ), P (7 6 )}
From T able 3 .16 , there are six 1-secants of type on each of which there is 
one point of type B. Since each 1-secant of a 6-arc has exactly one point of weight 
2 (^Theorem 3.2.4), therefore the points of type B on each 1-secant of type M i 
are a points of weight 2. Using Table 3 .D  the 1-secants of type M% are 2^0, 3^2 , 
3^4? 3^6? 3^8 and 6^3? and the points of type B  on each respectively is:
{P (4 ), P (10 ), P (32 ), P (45 ), P (53 ), P (8 7 )}
Through each of these points there passes another 1-secant of a 6-arc.
By Theorem 3.2.4 these 1-secants are 10-secants of type (1,8,1) of the (85,13;f)- 
arc. This implies that aU points of type B on these 1-secants are points of weight 
1. From T able 3 .D  the points and the 1-secants through them are:
P(12) and P(80) which lie on the 1-secant 4^ , P(16) and P(56) which lie on the 
1-secant £7 ,
P(79) and P(9) which lie on the 1-secant £2 3 , P ( l l )  and P(78) which lie on the 
1 -secant £7 5 ,
P(19) and P(48) which lie on the 1-secant @^3 , P(42) and P(70) which lie on the
1-secant £s4 .
hence we deduce the following table:
P o in ts  o f  w eigh t 2 T h e p o in ts  o f  w eight 1
P(4) P(10) P(12) P(80) P(16) P(56)
P(32) P(45) P(79) P(9) P ( l l )  P(78)
P(53) P(87) P(19) P(48) P(42) P(70)
Table 3 .19
Each 2 -secant of a 6 -arc is a 1 0 -secant of type (2 ,6 ,2 ) of the (85,13;f)-arc
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( Theorem 3.2.4). By referring to Table 3 .19 , P(4) and P(10) are points of 
weight 2 and lie on the 2-secant of the 6 -arc. Therefore, the other B-points 
on i l  are points of weight 1 (P(57) , P(62) , P(78) , P(82)).
Also from T able 3 .19  P(10) and P(45) are points of weight 2 which lie on a
2 -secant 4^5; therefore each B-point of ^45 is a point of weight 1 . These points 
are P(46), P(48), P(15) and P(31).
Using the same argument for the points P(32) and P(87) on a 2 -secant 3^1, P(4) 
and P(87) on a 2 -secant igQ, P(32) and P(53) on a 2-secant Iqj , P(45) and P(53) 
on a 2 -secant 4^4) the following points which are of weight 1 are obtained:
P(31), P(58), P(80), P(17), P(89), P(44), P(51), P(56), P(67), P(70), P(25), 
P(57), P(44), P(71), P(9) and P(14). Hence the Table 3 .19  becomes:
P o in ts  o f  w eigh t 2 T h e p o in ts  o f  w eight 1
P (4) P(10) P (1 2 ) P(80) P(16) P(56)
P(32) P(45) P(79) P(9) P ( l l )  P(78)
P(53) P(87) P(19) P(48) P(42) P(70)
P(15) P(25) P(46), P(44)
P(57) P(62) P(67) P(82) P(71)
Table 3 .20
This means that the number of points which are of weight 1 and of type B  is 
25; however the total number of B-points is 36. Therefore the possible number 
of points of weight 2 is 1 1 , since by Lemma 3.3.1 the points of weight 2 must be 
B-points
This is contradiction, because the number of points of weight 2 is 15.
L em m a 3 .9 .3
There is no (15,3)-arc formed by the points of weight 2 .
Hence the following theorem is proved:
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T h eo rem  3 .9 .4
There is no (85,13;f)-arc of type (10,13) having I m f  =  {0 ,1 ,2 }  for which the 6 
points of weight 0 form an incomplete 6-arc having three Br-points. □
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L ines P o in ts T h e  eq u ation
i l 1 2 4 10 28 50 57 62 78 82 Z =  0
i l 2 3 5 11 29 51 58 63 79 83 ~ X  =  0
iz 3 4 6 12 30 52 59* 64 80 84* X  4- 2 a y  =  0
4 4 5 7 13 31 53 60 65 81 85 X  +  2olY  4- 0:^2 =  0
4 5 6 8 14 32 54 61 66 82 86 X  4“ 2o:y =  0
4 6 7 9 15 33 55 62 67 83 87 X  +  =  0
7^ 7 8 10 16 34 56 63 68 84° 88 X  Y 2 Y  +  2a^Z =  0
8^ 8 9 11 17 35 57 64 69 85 89 X  ^ 2 a ^ Y  Y o ? Z  =  0
4 9 10 12 18 36 58 65 70 86 90 X  +  2 Y  ^ a ^ Z  =  0
4 o 10 11 13 19 37 59* 66 71 87 91 X  4- 2 r  4- y  =  0
f i l 11 12 14 20 38 60 67 72 88 1 y  4 -2 2  =  0
f i l 12 13 15 21° 39 61 68 73* 89 2 X  4- 2 olZ  =  0
fiz 13 14 16 22 40° 62 69 74 90 3 X  +  a " y  =  0
1^4 14 15 17 23 41 63 70 75 91 4 X  4- 2 « y  +  2  =  0
4 s 15 16 18 24 42 64 71 76 1 5 y  +  2 a Z =  0
1^6 16 17 19 25 43 65 72 77 2 6 X  +  2 2  =  0
4 t 17 18 20 26 44 66 73* 78 3 7 X  +  o=y =  0
fiz 18 19 21° 27 45 67 74 79 4 8 X  +  2 a y +  2a^2 =  0
fl9 19 20 22 28 46 68 75 80 5 9 X  +  2a^ y +  2a^2 =  0
fio 20 21° 23 29 47° 69 76 81 6 10 X  +  2 y  +  a" =  0
f i l 21* 22 24 30 48 70 77 82 7 1 1 X  +  y  +  2 2  =  0
f i l 22 23 25 31 49 71 78 83 8 12 X  +  a Y  +  a Z  =  0
fiz 23 24 26 32 50 72 79 84° 9 13 X  +  a^Y +  a^Z =  0
4 4 24 25 27 33 51 73° 80 85 10 14 X  +  2V +  2o?Z =  0
4 s 25 26 28 34 52 74 81 86 11 15 X  +  a^Z =  0
4 e 26 27 29 35 53 75 82 87 12 16 X  +  Y  +  2a^Z =  Q
f i l 27 28 30 36 54 76 83 88 13 17 X  +  2a^Y  +  2 a ‘ Z  =  0
48 28 29 31 37 55 77 84° 89 14 18 X  +  +  2Z =  0
f l 9 29 30 32 38 56 78 85 90 15 19 X  +  a^Y +  a^Z =  0
4o 30 31 33 39 57 79 86 91 16 20 X  +  2a^Y +  Z =  0
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L ines P oin ts T h e eq u ation
fz i 31 32 34 40° 58 80 87 1 17 21° Y  +  2a^Z =  0
fz2 32 33 35 41 59° 81 88 2 18 22 X  +  Z =  0
fzz 33 34 M 42 60 82 89 3 19 23 X  +  Y  =  0
fz i 34 35 37 43 61 83 90 4 20 24 X  +  2 a Y  +  2aZ  =  0
fz5 35 M 38 44 62 84° 91 5 21° 25 X  +  a^Y +  Z =  0
fz6 M 37 39 45 63 85 1 6 22 26 Y 4 - a ^ Z  =  0
fz7 37 38 40° 46 64 86 2 7 23 27 X  +  2a^Z =  0
fz8 38 39 41 47° 65 87 3 8 24 28 X  +  2a^ y =  0
fz9 39 40° 42 48 66 88 4 9 25 29 X  +  2 a y  +  2a^y =  0
f-AO 40° 41 43 49 67 89 5 10 26 30 X  +  2y  +  2aZ  =  0
4^1 41 42 44 50 68 90 6 11 27 31 X  +  a ^ 'y +  2a'"y =  0
f-42 42 43 45 51 69 91 7 12 28 32 X  +  2a''y  +  Z =  0
h z 43 44 46 52 70 1 8 13 29 33 Y  +  2a^Z =  0
4^4 44 45 47° 53 71 2 9 14 30 34 X  +  a^Z =  0
4^5 45 46 48 54 71 3 10 15 31 35 X  +  2y  =  0
f-46 46 47* 49 55 73* 4 11 16 32 M X  +  2 a Y  +  a Z  =  0
4^7 47° 48 50 56 74 5 12 17 33 37 X  +  a'‘Y  +  2a^Z =  0
4 8 48 49 51 57 75 6 13 18 34 38 X  +  2ol^ Y -f- a Z  =  0
4 g 49 50 52 58 76 7 14 19 35 39 X  +  a^Y  +  a Z  =  0
4 o 50 51 53 59° 77 8 15 20 36 40° X  +  a^Y +  2Z =  0
4 i 51 52 54 60 78 9 16 21° 37 41 X  4- a Y  a^ Z  =  0
fs2 52 53 55 61 79 10 17 22 38 42 X  +  2 Y  +  2aZ  =  0
fsz 53 54 56 62 80 11 18 23 39 43 X  + a ^ Y  +  2a^Z =  0
4 4 54 55 57 63 81 12 19 24 40° 44 X + 2 a ’ y +  a^Z =  0
4 s 55 56 58 64 82 13 20 25 41 45 X  +  a Y  +  Z =  0
4 e 56 57 59° 65 83 14 21° 26 42 46 X  +  2a ’ y  +  2a^Z =  0
5^7 57 58 60 66 84° 15 22 27 43 47° X  +  2a^Y  +  2a^Z =  0
4 s 58 59° 61 67 85 16 23 28 44 48 X  +  2a^Y +  2 aZ  =  0
4 q 59° 60 62 68 86 17 24 29 45 49 X  +  a^Y +  a Z  =  0
4o 60 61 63 69 87 18 25 30 46 50 X  +  a^Y +  2aZ  =  0
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T able 3 .E  (con tin u ed )
L ines P o in ts T h e  eq u ation
f-61 61 62 64 70 8 8 19 26 31 47° 51 y  +  2 a ''y  =  0
f-62 62 63 65 71 89 20 27 32 48 52 X  +  a ^ y +  2 a"y =  0
6^3 63 64 66 72 90 2 1 ° 28 33 49 53 X  +  2a''y  +  aZ  =  0
6^4 64 65 67 73° 91 2 2 29 34 50 54 X  +  a " y  +  y  =  0
f-65 65 66 68 74 1 23 30 35 51 55 y +  a^Z =  0
^66 66 67 69 75 2 24 31 M 52 56 X  +  2o? Z  =  0
f&l 67 68 70 76 3 25 32 37 53 57 X  +  2a^y =  0
f-68 6 8 69 71 77 4 26 33 38 54 58 y +  2 a^y =  0
6^9 69 70 72 78 5 27 34 39 55 59° X  +  a y  +  2 a"Z =  0
70 71 73° 79 6 28 35 40° 56 60 X  +  2 a ^ y +  2 a^y =  0
7^1 71 72 74 80 7 29 M 41 57 61 X  +  2a^ y  +  2aZ  =  0
f-72 72 73° 75 81 8 30 37 42 58 62 X  +  a " y  +  a^y =  0
f-73 73° 74 76 82 9 31 38 43 59° 63 X  +  y +  a"% =  0
7^4 74 75 77 83 1 0 32 39 44 60 64 X  +  2 y  +  2 Z =  0
f-75 75 76 78 84* 1 1 33 40* 45 61 65 X  +  olY  +  2olZ  =  0
7^6 76 77 79 85 12 34 41 46 62 66 X  +  a^Y +  2Z =  0
£77 77 78 80 86 13 35 42 47* 63 67 X  +  a Y  +  2Z +  0
7^8 78 79 81 87 14 M 43 48 64 68 X  +  a Y  +  a^Z =  0
£79 79 80 82 8 8 15 37 44 49 65 69 X  +  a Z  =  0
£30 80 81 83 89 16 38 45 50 66 70 X  +  a Y  +  a^Z =  0
8^1 81 82 84° 90 17 39 46 51 67 71 X  +  Y  +  a^Z =  0
f-82 82 83 85 91 18 40* 47* 52 68 72 X + Y + Z = 0
f-83 83 84* 86 1 19 41 48 53 69 73* Y  +  Z =  0
£84 84* 85 87 2 20 42 49 54 70 74 X  +  a Z  =  Q
f-85 85 86 8 8 3 2 1 ° 43 50 55 71 75 X  +  a^Y =  0
f-86 8 6 87 89 4 2 2 44 51 56 72 76 X  +  2 a Y  +  2o?Z =  0
f-87 87 8 8 90 5 23 45 52 57 73° 77 X  +  2a^Y +  2Z =  0
f-88 8 8 89 91 6 24 46 53 58 74 78 X  +  ctY -j- Z =  0
f-89 89 90 1 7 25 47* 54 59* 75 79 X  +  a Z  — 0
£90 90 91 2 8 26 48 55 60 76 80 X  +  y  =  0
9^1 91 1 3 9 27 49 56 61 77 81 y  =  0
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§3.9 .3  T h e  case o f  th e  6-arc having four Br- p o in ts
From § 1 .7 , one of the 6 -arcs having four Brianchon points is:
K 4 =  { P ( l ) ,  P ( 2 ), P (3 ), P (72 ), P ( 7 5 ), P (7 6 )}
Since every 2-secant of a 6-arc is 10-secant of type (2,6,2) of the (85,13;f)-arc K 
therefore, every B-point on the 2-secants of type N 2 (T able 3 .17) (and there are 
three 2-secants of type N 2 ) is a point of weight 2 (Lemma 3.2.4). From Table 
3 .E  these 2-secants and B-points on it are :
P ( l l )  and P (8 8 ) which lies on £n , P(24) and P(31) which Hes on £gg, P(25) and 
P(37) which lies on £57.
Since every 1 -secant of a 6 -arc is a 1 0 -secant of type (1,8,1) of the (85,13;f)-arc, 
therefore every B-point on M i (Table 3 .16) is a point of weight 2 (there are six 
1-secants of type M i). From Table 3.E  these 1-secants and the B-points on it 
are:
P(10) which lies on £9 , P(29) which lies £43 , P(19) which lies on £49 , P(51) 
which lies on £gg ,
P(77) which lies on £75 , P(48) which lies on £73.
However P ( l l ) ,  P(29) and P(51) are points of weight 2  and lie on one 2 -secant £2 . 
This is a contradiction, because each 2 -secant has on it just two points of weight 
2 .
From the above the following theorem is proved:
T h eo rem  3 .9 .5
There is no (85,13;f)-arc of type (10,13) having fm f  =  { 0 ,1 ,2 } for which the six 
points of weight 0 form a 6-arc which has four Bj.-points.
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CHAPTER FOUR
(85,13;f)-arcs of Type (10,13) 
for which the points of weight 
0 form a (6,3)-arc in PG(2,9)
C h a p te r  4; T h e  c a s e  o f  ( 6 ,3 ) - a r c
In this chapter we will discuss the case in which the points of weight 0 form a
(6,3)-arc in PG(2,9). Firstly, we try to find the projectively distinct (6 ,3 )-arcs in 
the Galois plane of order 9.
§ 4 .1  C la ssifica tio n  o f  (6 ,3 )-arcs in  PG (2,9)
In this section we will determine all the projectively distinct (6,3)-arcs in the 
Galois plane of order 9. We start by constructing the projectively distinct (5,3)- 
arcs.
§ 4 .1 .1  T h e  co n stru ctio n  o f  th e  p rojectively  d istin ct (5 ,3 )-arcs  
in  P G (2 ,9)
Let /c =  {P i, P 2 ,P 3 , P4 ,P 5} be a (5,3)-arc in PG(2,9). Suppose that P i, P2 , P3 , P4 
are four points such that no 3 are coUinear, and assume that 
1. Pi =  (1,0,0), 2. P2 =  (0,1,0)
3. P3 =  (0,0,1), 4. P4 =  (1,1,1)
So there are two types for /c, as in Fig 4.1
Ps Ps
ty p e  (1)
Fig. 4.1
ty p e  (2)
Since the projective group is transitive on quadrangles, therefore, all the (5,3)- 
arcs of ty p e  1 are projectively equivalent. Assume /c is a (5,3)-arc of ty p e  2,
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and let P i, Pg, P3 , P4 and P5 be the points P (l) , P(2), P(3), P(72) and P(48) 
respectively. So the remaining points of the line P3P4 not on the line P1P2 are 
P(45), P(46), P(48), P(54), P(15), P(31), P(35).
There are two distinct (5,3)-arc of ty p e  2:
(a) Ps is the harmonic conjugate of P1P2 D P3P4 with respect to P3P4
(b ) Ps is not the harmonic conjugate of P1P2 fl P3P4 .
Since P 1P2 D P3P4 is a point of the subplane therefore, Ps in (case a) is a point 
of the subplane, which is P(48). While Ps in case b is any point of the other five 
points on the line P3P4 .
By the computer program A  all the following (5,3)-arcs are projectively 
equivalent:
P ( l) P(2) P(3) P(72) P(45)
P ( l) P(2) P(3) P(72) P(46)
P ( l) P(2) P(3) P(72) P(54)
P ( l) P(2) P(3) P(72) P(15)
P ( l) P(2) P(3) P(72) P(31)
P ( l) P(2) P(3) P(72) P(35)
Let C  =  {P i',P 2 ,P 3 ,P j ,P s }  be any (5,3)-arc of ty p e  2 (b ) and assume no three 
of the first four points are coUinear. By the fundamental theorem there is a unique 
projectivity r  such that Pi =  P^T, i =  1 , 2, 3, 4. Let P5 T =  P5 , then P5 is a 
point on the line P 3 PI, and P5' ^ PiPg- Then C  =  C. Thus aU the (5,3)-arcs of 
ty p e  2  (b ) are projectively equivalent.
From the above in PG(2,9) there are th ree projectively distinct (5,3)-arcs:
1. Cl = { 1 ,2 ,3 ,7 2 ,1 0 } ,  2. C2 =  {1 ,2 ,3 ,7 2 ,4 8 },
3. C3 =  {1 ,2 ,3 ,7 2 ,4 5 }.
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The projective group C((7i) of C\ consists of eight elements which are
Element Symbol Element
0 1 2 0 1 0
M l = 0 1 0 (13)(24) M 2 = 0 1 2
2 1 0 2 1 0
1 0 2 1 0 0
M 3 = 1 0 0 (1423) M 4 = 1 0 2
1 2 0 1 2 0
2 0 1 ’ 0 2 1
M s  = 0 2 1 (34) M g = 2 0 1
0 0 1 0 0 1
0 1 0 * 1 0 0
M 7 = 1 0 0 (1 2 ) 1 = 0 1 0
0 0 1 0 0 1
Symbol
(1324)
(14)(23)
(12)(34)
The order of projectivities M 2 and M3 is 4, and the order of M i, M4 , M s, Mg 
and M^ is 2, so G{Ci )  is isomorphic to D 4 .
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The projective group of Cg consists of 12 elements which are
Element 
1
M l =
Ms =
M k =
M7 =
M q =
M il =
00
1 0  0 
0 0 1
Symbol
(12)
Element
Mo =
0 1 
2 1
0 0 1
0 0
0 0
0 0
(12)(34) M4 =
(354) Mg =
(12)(354) Mg =
1 0 
0 0
0 0 2
0 0
0 0
1
0 1 
0 0
0 0 
0
0 0
(45)
(345)
Mio =
/  =
0 
1
0 0
1 1 
0 1
Symbol
(34)
(12)(45)
(12)(345)
(35) 
(12)(35)
1 0  0 
0 1 0  
0 0 1
The order of the projectivities Mg and M7 is 6 , the order of M i, M2 , M3 , M4 , 
Mg, Mg and M i g is 2, and the order of M5 and M u is 3, so ^(Cz) isomorphic to 
D e.
The projective group G(Cz)  of C3 consists of two elements which are:
1 0 0 0 1 0
M l = 0 1 0 Mz = 1 0 0
0 0 1 0 0 1
The order of the projectivity Mz is 2 , so G{Cz)  is isomorphic to Z2 
4 .1 .2  T h e  co n stru ctio n  o f  (6 .3 l-arcs  in P G (2 ,9 )
Let Q be a point of P C (2 ,9) not on the (6 ,3 )-arc k  and let Si{Q)  be the number 
of i-secants through Q. The number of 3 -secants 5 s (Ç) is called the in d ex  o f  Q
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for /c. So a (6,3)-arc in P C (2 ,9) is complete if PG (2,9)\/c has no point of index
zero.
From § 4.1.1 there are only two projectively distinct (5,3)-arcs CijCz. There are 
72 points of index zero for Ci  and 79 points of index zero for Cz. The group 
C (C i) partitions the 72 points of index zero for C\  into the following 13 orbits:
C lasses T h e poin ts C lasses T h e p o in ts
Cl {8 ,40 ,42 ,52 ,84 ,86 ,89 ,90} C2 {34,36 ,26 ,18 ,53 ,55 ,68 ,41}
C 3 {85 ,76 ,47 ,69 ,23 ,33 ,80 ,73} C4 {29 ,14 ,51 ,6 ,20 ,81 ,27 ,25}
cs {9 ,61 ,17 ,5 ,65 ,67 ,63 ,88} Ce {12,79 ,38 ,49 ,58 ,43 ,16 ,56}
C 7 {74,44,59,37} cs {32,39 ,66 ,71}
Cg {7,22 ,30 ,70} C l O {13,75,64,87}
C l l {19,91,60,83} C l 2 {21,24}
C l 3 {11,77}
Table 4.1
So, we have 13 (6,3)-arcs that can be constructed by adding one point from each 
of the 13 orbits to C\'.
=  C l  U {8}, X 2  =  CiU  { 3 4 } ,  %3 =  (7i U {85},
%4 =  C l  U { 2 9 } ,  %5 =  C l U { 9 } ,  X 6 =  C l U { 1 2 } ,
%7 =  C l  U {74}, %8 =  C l U { 3 2 } ,  =  C l U { 7 } ,
Xio =  C l U { 1 3 } ,  %ii =  C l U { 1 9 } ,  Xi2 =  C l U { 2 1 } ,
X i 3  =  C l U { 1 1 } .
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The group C((v2) partitions the 79 points of index zero for C 2 into 12 orbits 
(classes);
C lasses T he p o in ts C lasses T h e p o in ts
C l {9 ,90 ,65 ,84 ,58 ,88 ,63 ,16 ,8 ,56 ,86 ,65} C 2 {57,78}
C 3 {71 ,59 ,87 ,74 ,44 ,39 ,13 ,37 ,64 ,32 ,66 ,75} C 4 {50,28}
C 5 {81 ,25 ,69 ,51 ,20 ,80 ,29 ,14 ,6 ,27 ,76 ,73} C e {4,62}
C 7 {49 ,17 ,41 ,79 ,67 ,55 ,38 ,43 ,5 ,53 ,61 ,26} C s {82}
C g {42,40 ,22 ,89 ,52 ,30} C l O {33 ,24,85,47,23,21}
C l l {7 ,70 ,34 ,36 ,68 ,18} C 1 2 {19 ,83,11,60,91,77}
Table 4.2
So, we have 1 2  (6 ,3 )-arcs that can be constructed by adding one point from 
each of the 1 2  orbits to C2 :
=  C2 U {9}, B 2 =  C2 U {57}, Pa =  C2 U {71},
P 4 =  C2 U {50}, Ps =  C2 U {81}, Pg =  C2 U {4},
P 7 =  C2 U {49}, Pg =  C2 U {82}, P 9 =  C2 U {42},
Pio =  C2 U {33}, P i i  =  C2 U {7}, P 12 =  C2 U {19}.
There are 79 points of index zero for C3 . The group C(Ca) partitions these 79 
points of index zero for Cs into the following orbits:
Cl =  {5 ,61} O2 =  {56,58} Cs =  {6 ,14} C4 =  {20,25}
Cs =  {7 ,70} Cg =  {22,30} C7 =  { 8 , 8 6 } Cg =  {55,41}
Cg =  {9 ,63} Cio =  {49,79} On =  {12,16} C12 =  {67,17}
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O is  =  { 1 3 ,6 4 } O n  = { 6 6 , 3 2 } O i5  =  { 1 8 ,6 8 } O i;  =  { 4 0 ,5 2 }
O i7  =  { 2 6 ,5 3 } O i8  =  { 9 0 ,8 4 } O i9  =  { 3 4 ,3 6 } O 20 =  { 4 2 ,8 9 }
O 21 =  { 3 7 ,4 4 } O 22 =  { 5 9 ,7 4 } O sa =  { 3 8 ,4 3 } O 24 =  { 8 8 ,6 5 }
0 2 5  =  { 3 9 ,7 1 } O 26 =  { 7 5 ,8 7 } O 27 =  { 5 7 ,7 8 } O 28 =  { 4 ,6 2 }
O 29 =  { 2 7 ,2 9 } O so =  { 8 1 ,5 1 } O s i =  { 7 6 ,7 3 } O 32 =  { 8 0 ,6 9 }
O ss  =  { 4 7 ,8 5 } O s 4 =  { 8 3 ,9 1 } O s; =  { 2 3 ,3 3 } O s; =  { 2 8 ,5 0 }
O 37 =  { 1 9 ,6 0 } O sa = { 1 1 , 7 7 } O s9 =  { 2 1 ,2 4 } O 40 =  { 8 2 }
By adding one point from each orbit to C 3 we have the following 40
(6,3)-arcs K- ,  i =  1,...,40:
K [ = C 3 U {P (5 )}, i f '  =  C3 U {F (56)}, P ' =  C3 U { P ( 6 )},
i f '  =  C 3  U { P ( 2 0 ) } ,  
=  C 3  U { P ( 8 ) } ,  
i f i o  =  C 3  U { P ( 4 9 ) } ,  
i f i ,  =  C j U { P ( 1 3 ) } ,  
i f Î 3  =  a 3 U { P ( 4 0 ) } ,  
K U  =  C- 3  U { P ( 3 4 ) } ,  
i f ' ,  =  C 3  U { P ( 5 9 ) } ,  
i f i5  =  C 3 U { P (3 9 ) } ,  
i f ' ,  =  C 3 U { P ( 4 ) } ,  
i f ' ,  =  C 3  U { P ( 7 6 ) } ,  
K U  =  C 3  U { P ( 8 3 ) } ,  
- ^ 3 7  ~  f is  U { P ( 1 9 ) } ,  ifsQ =
i f '  =  f is  U { P ( 7 ) } ,  
ifJ  =  C 3 U { P ( 5 5 ) } ,  
i f j ,  =  (73 U { P ( 1 2 ) } ,  
i f i 4  =  ( 7 3 U { P ( 6 6 ) } ,  
i f ; ,  =  ( 7 3 U { P ( 2 6 ) } ,  
i f ' o  =  Cs U { P ( 4 2 ) } ,  
i f ' 3  =  C 7 3 U {P (3 8 )} ,  
PTse = C 3 U { P ( 7 5 ) } ,  
i f ; ,  =  fia U { P ( 2 7 ) } ,  
i f ' ,  =  Cs U { P ( 8 0 ) } ,  
i f L  =  Ca U { P ( 2 3 ) } ,
i f ^  (73 U { P ( 2 2 ) } ,  
i f '  =  Cs U { P ( 9 ) } ,  
i f ; ,  =  Cs U { P ( 6 7 ) }  
Tfja =  (7s U { P ( 1 8 ) } ,  
if ;a  =  Cs U { P ( 9 0 ) } ,  
i f ; i  =  Cs U { P ( 3 7 ) } ,  
i f ; ,  =  Cs U { P ( 8 8 )}  
i f ; ,  =  Cs U { P ( 5 7 ) } ,  
i f ;„  =  Cs U { P ( 8 1 ) } ,  
i f ; ,  =  Cs U { P ( 4 7 ) } ,  
i f ; ,  =  Cs U { P ( 2 8 ) }
C s U { P ( l l ) } , i f ; g  =  C s U { P ( 2 1 ) } , i f ; „  =  C s U { P (8 2 ) }  
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§4.1.3 T h e  p ro jectiv e ly  d istin ct (6 ,3 )-arcs in P C (2,9)
(1) The group of automorphism of GF(q), q =  is cyclic of order h. It is 
generated by the automorphism where t(j) =  t'P i so tÿ* =
T h eo rem  4 .1 .1
Let T be an automorphism in PG{2,p^), so all automorphism in PG{2,p^) are 
the following:
T : X
: æ —> x^ ^
: X x^
: X =  X
C orollary
In GF{3^) there are precisely two automorphism, r  : x x^  and : x x^  ^ =
x  ^ =  X.
T h e a r ith m etic  used  in  th e  com p u ter program  for d eterm in in g  
th e  p r o ie c tiv e lv  d istin ct (k .3 )-arcs in  P G (2 .9)
For any (k,3)-arc k,  k >  5, there are at least four points in k  no three of which 
are coUinear. Let Hi =  {Pi  : i =  1, • • •, A;} and k.2 =  {Pj  : i =  1, • • •, A;} be two 
(k,3)-arcs in PG(2,q), where the coordinates of the points Pi and P[ are;
Pi =  P(æ»(l), ®i(2), iCi(3)) and P/ =  P (î/i(l), -P(yi(2), 2/i(3)).
By the Fundamental Theorem A (§ 1.2.3) there exists a unique projectivity which 
takes any set of four points of the (k,3)-arc Ki,  no three coUinear, to any set of 
four points of «2 , no three coUinear. Let the (3 X 3) matrix Z = (z ij) , i j  = 1,2,3 
take a fixed set of four points {P i, P2 , P3 , P4} of Ki no three coUinear, to any set 
of four points {P /, P2 , P3 , ^4 } of K2 no three coUinear.
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The (k,3)-arcs « 1  and « 2  are said to be projectively equivalent if ZXi =  AYj, iJ  
=  5, k where X{  and Yj are column vectors which represent the points Pi  and 
Pj  respectively. To determine Z we fix a set of four points of « 1 , of which no 
three are coUinear. Then we work out the projectivity matrix Z that takes the 
fixed set of four points of « 1  to one of the J  sets of four points of K2 , of which no 
three are coUinear, where
J =  the number of the sets of four points in « 2  no three of which are colUnear. 
Therefore there are J  matrices Z to be checked. Now, Z is the projectivity matrix 
takes the points of Ki to the points of « 2  if Z which takes the remaining points 
of Ki  to the remaining points of « 2 *
The foUowing is the matrix arithmetic to determine the matrix Z.
Let
X  =
and
Y  =
* 1( 0 ) * 2( 0) 253( 0 )
æ i ( l ) = 2 ( 1 ) * 3( 1)
» x ( 2 ) x s ( 2 ) 25 3 (2 )
y i ( 0 ) 3/2( 0) 3/3( 0 )
y i ( i ) 3/2( 1) 3/3( 1)
y i ( 2 ) 3/2( 2) 3/3( 2)
Let Z =  (zij)  i j  =  1,2,3 be a (3x 3) matrix that takes three points Pi of /ci to 
three points P / of k,2 , when i =  1,2,3. So,
ZX =  Y
Al
A2
A3
Thus
Z =  Y
Al
A2
A3
X - 1 (1)
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The matrix Z also has to take the fourth point P4 -> So ZX4 =  ¥ 4  are the 
column vectors represent the points P4 and P{ respectively. Therefore (1 ) gives
Ai
A2
A3
X - 1X 4 = Y 4 (2)
X -^ X 4  =
■ -
Cl Cl 0 0
C 2 , and let C = 0 C 2 0
C 3 0 0 C 3
Thus (2) becomes:
Y C
Ai
A2
A3
=  Y4
Ai
A2
A3
= C-^Y-^Y
Substituting the value of A* in (1 ), gives the matrix Z.
We say the two (k,3 )-arcs Ki  and «2  are equivalent under collineation (written 
Ki K2 ) if there exists a coUineation ÿ  : /«i « 2 . By Fundamental Theorem B
(§ 1.2.3) ^  =  a T  where <r is an automorphism and T is a projectivity. The 
arithmetic used in the computer program to determine ^  is as follow:
By cubing the coordinates of the points Pi of ki we obtain P / =  
P (t?(0),t? (1),2 :?(3)). Let /Ci =  {P? : Pi G k , }
Now, Ki and « 2  are equivalent under collineation, if there exists a projectivity
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T  : K,\ ^  k,2 . Then Ki ~  K2
Write G ~  H when the two (6,3)-arcs G and H are projectively equivalent. By 
program A we have:
Xi ^  ^  K 4  ^  Üf'g X 34;
%2 ~  i^37 ^ 1;
Xz ^  Bs ^  K 2 ^  üTjg ~  X '3;
%4 -  ^ 9 ;
%5 -  ^ 3 ;
%6 -
X 1  -  K[q  -  K[^-,
X%^  ^24Î
%9 ~  ^25 ^ 30;
XiQ ^  K[- ]^
X i i ^ B i 2 ‘,
X 1 2  ^  K [ 2  ^  Xj?;
X13;
B 2 ^  B 4  ^  Bq ^  K^q]
B 3 -  x ;  -  X ';
B 9 -
Pio ~ K [ q]
B ii  ^  K[^\ 
x ;  -  -  X|g;
Xl4 -  -  X L;
XL -  XL -  XL;
Let B i , i =  1, 2, 3, 8 , 9, 10, 11 be denoted by %%, i =  14, 15, 16, 17, 18, 19; and 
K[  i =  8 , 14, 18, 26 be denoted by %*, i =  21, 22, 23. Therefore there are 23  
projectively distinct (6 ,3 )-arcs, of which only 1 0  are distinct under collineation 
as in the following tables:
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The projectively distinct (6,3)-arcs in PG(2,9):
(6 ,3 )-a rc
Xi
P oint o f  Xi N u m b er  o f  
3-secan ts  
o f  XiP i P 2 P 3 P 4 Ps Pg
Xi 1 2 3 72 10 8 2
X2 1 2 3 72 10 34 2
X3 1 2 3 72 10 85 2
X4 1 2 3 72 10 29 3
Xs 1 2 3 72 10 9 3
X6 1 2 3 72 10 12 2
X7 1 2 3 72 10 74 2
X8 1 2 3 72 10 32 2
X9 1 2 3 72 10 7 2
Xio 1 2 3 72 10 13 2
X ii 1 2 3 72 10 19 3
Xl2 1 2 3 72 10 21 2
Xl3 1 2 3 72 10 11 4
Xl4 1 2 3 72 48 9 2
Xl5 1 2 3 72 48 57 2
Xl6 1 2 3 72 48 71 1
Xl7 1 2 3 72 48 82 2
Xl8 1 2 3 72 48 42 1
Xl9 1 2 3 72 48 33 1
X 2 0 1 2 3 72 48 7 1
X 2 I 1 2 3 72 45 55 1
X 2 2 1 2 3 72 45 66 1
X 2 3 1 2 3 72 45 90 1
X24 1 2 3 72 45 75 1
Table 4 .1 .2
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The distinct (6,3)-arcs under collineation in PG(2 ,9 ).
(6 ,3 )-a rc
K i
Point o f  Ki N u m b er o f  
3-secant 
o f  KiP i P2 P 3 P 4 Ps Pe
Xi 1 2 3 72 10 8 2
%3 1 2 3 72 10 85 2
%4 1 2 3 72 10 29 3
Xs 1 2 3 72 10 9 3
X ii 1 2 3 72 10 19 3
Xl3 1 2 3 72 10 11 4
Xis 1 2 3 72 48 57 2
Xl6 1 2 3 72 48 71 1
Xl7 1 2 3 72 48 82 2
Xl8 1 2 3 72 48 42 1
X21 1 2 3 72 45 55 1
Table 4 .1 .3
§ 4 .1 .4  T h e  grou p s o f  p ro jectiv ities  o f  th e  (6 ,3 )-arcs Xi
The set of projectivities fixing a (6,3)-arc k  forms the group G(/c). In this section, 
for each i, we determine G(%i). To determine these groups we use the computer 
program A. In this case the program is set to compare Xi with itself.
(1 ) The group of projectivities of %i, i =  1, 2, 3, 14, 16, 22, 24 is the identity 
group.
(2) The group of projectivities of (6,3)-arcs Xi G (xi),  i =  4, 6, 23 is isomorphic 
to Zg.
(3) The group of projectivities of (6,3)-arcs Xi i =  5, 7, 8, 9, 10, 18, 19 is
isomorphic to Zz.
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For the elements of these groups see the following table:
(6 ,3 )  -  arc | A  gen erator o f  | G(%;) |C|
Xi G(X<)
Xi identity trivial 1
X2 identity trivial 1
Xs identity trivial 1
X4
6 5 0 
6 5 1 
6 0 0
Z3 3
Xs
0 2 1 
0 0 1 
3 4 0
Z2 2
X6
4 5 0 
4 3 1 
4 3 0
Z3 3
Xi
1 0  0 
1 0  2 
1 2 0
Z2 2
X8
1 0 o' 
1 0 2 
1 2  0
Z2 2
X9
0 2 1 
2 0 1 
0 0 1
Z2 2
Xl4 identity trivial 1
Xl6 identity trivial 1
Xl8
0 1 0  
1 0  0 
0 0 2
Z2 2
Xl9
0 1 0 
1 0  0 
0 0 2
Z2 2
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(6 ,3 )  — arc 
Xi
A  gen erator o f  
G (xi)
G(Xi) |C|
X 20
0  2 1 
2 0 1 
0  0  1
Z2 2
X21 identity trivial 1
X22 identity trivial 1
X23
0 5 6 
4 7 6 
0 6 8
Z3 3
X24 identity trivial 1
Table 4 .1 .4
(4) The group of projectivities of the (6,3)-arcs G(%%), i =  11, 15 is isomorphic
to Sg.
1 0 0 1 0 0 2 0 1
n  = 0 1 0 T2 = 0 1 0 Tg = 0 2 1
0 0 1 0 0 2 0 0 1
2 0 2 1 0 2 2 0 2
T4 = 0 2 2 T5 = 0 1 2 Tg = 0 2 2
0 0 2 0 0 1 0 0 1
( 5 ) The group G(%i2) of projectivities of the (6,3)-arcs %i2 , is isomorphic to 
ZzX Zz-
n  =
1 0  0 
0 1 0  
0 0 1
T2 =
T4 =
0 2 1 
2 0 1 
0 0 1
1 0  2 
1 0 0 
1 2 0
Ts =
0 1 0 
0 1 2  
2 1 0
( 6 ) The group G (x i7 ) of projectivities of the (6 ,3 )-arcs X n ,  is isomorphic to 
Zg X Zig.
(7) The group G(%is) of projectivities of the (6,3)-arcs %i3 , is isomorphic to S4 .
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The group of projectivities of a Xis consists of the identity and the following 23  
projectivities:
Tl =
2 1 0  
0 1 0 
0 1 2
T2 =
2 1 0  
0 1 0  
0 0 1
73 =
1 0  0 
0 1 0 
0 1 2
74 =
0 2 1 
2 0 1 
0 0 1
0 0 1 0 2 1 0 0 1 0 0 1
7-5 = 2 0 1 7-6 = 1 2 1 7-7 = 1 2 1 78 = 0 1 0
0 2 1 0 0 1 0 2 1 1 0 0
0 1 2 0 1 2 0 0 1 1 2 0
7-9 = 0 1 0 Tio = 0 1 0 T il = 0 1 0 Ti 2 = 1 0 2
2 1 0 1 0 0 2 1 0 1 0 0
1 0 0 1 2 0 1 0 0 2 1 0
Ti 3 = 1 0 2 T14 = 1 2 1 TlS = 1 2 1 5 Tie = 2 0 1
1 2 0 1 0 0 1 2 0 0 0 1
1 0  0 1 0  0 1 2 0 0 1 2
Ti7 = 1 2  1 Ti8 = 1 0 2 Ti9 = 1 2 1 T20 = 1 0 2
0 0 1 0 1 2 0 2 1 1 0 0
0 0 1 0 0 r 0 2 1
T21 = 1 2  1 T22 = 2 0 1 T23 = 1 2 1
1 0  0 2 1 0 1 2 0
The group G (x i3 ) consists of 9 elements of order 2, 8 elements of order 3 and 6 
elements of order 4. So G {x is)  is isomorphic to ^4 . The six points of Xi3 form 
the vertices of a quadrilateral.
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1 2 10
Fig. 4.2
N o ta tio n
Let us call the (6,3)-arc with i 3-secants /Ci, always having in mind that may be 
by § 4.1.2, several non-isomorphic examples of each.
From Lemma 1.8.1, the following equations are obtained:
j^ T i =  91
t = 0
3
iTi =  60
t=l
3
-  l)r» =  30
( 1)
(2)
(3)
»=2
Equation (3), becomes
2t2 -f 6t3 =  30
From this <  5, since th ree 3-secants may be concurrent for this case. This 
implies that T2 >  1 and ts <  4; therefore, the possible solutions of the equations
(1) to (3) are as listed in Table 4.2:
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T y p e  o f  
(6 ,3 )-a rc
T3 T2 Tl To
«4 4 3 42 42
K>3 3 6 39 43
K2 2 9 36 44
1 12 33 45
Table 4.2
Let P  E and suppose that through P there pass a  3-secants, ^  2-secants and 
7  1-secants, then by using equations (4) & (5) of Lemma 1.8.1, the following are 
obtained:
a  +  ^ +  7 =  10 (1)
2o: -f ^ =  5 (2)
The possible solutions of these equations are listed in the following Table
T y p e  o f  
th e  p o in t
a /5 7
ty p e  1 2 1 7
ty p e  2 1 3 6
ty p e  3 0 5 5
Table 4.3
Suppose there are X points of type 1, Y points of type 2 and Z points of type 3 
(T able 4 .3 ) then, by using equation (8), Lemma 1.8.1, the following equations 
are obtained:
X  +  Y  +  Z =  k =  6 (4.2.a)
2X +  Y  =  3t3 
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X  +  3Y  +  6Z =  2t2 (4.2.c)
7X  +  6 Y -f 5Z =  Tl (4.2.d)
Let Q ^ K,, and suppose that through Q there pass a  3-secants, (3 2-secants , 7
1-secants and 8 0-secants. Then, by using the equation (6 ) and (7) of Lemma  
1 .8 .1,
ct + /3 + j  + 8 = 10 (1)
3 0  4- 2/3 - ^ 7  =  6 (2 )
The possible solutions of these equations are listed in the following Table
T y p e  o f  
th e  p o in t
0 /5 7 8
A i 2 0 0 8
A 3 1 1 1 7
A 3 1 0 3 6
A 4 0 3 0 7
A s 0 2 2 6
A e 0 1 4 5
A t 0 0 6 4
Table 4.4
Suppose there are a» points of type A{, i =  1 , • • •, 7, then, counting the points of 
the plane but excluding the points of the (6 ,3 )-arc, we obtain the following:
i=7
Ox =  91 — 6 =  85 (4.j4)
»=i
By using the equation (9) of Lemma 1.8.1, the following equations are obtained:
2 o i -j- 0 2  4- 0:3 — 7Tg (4-^ )
02  4" 3o4 -f 2 as 4" o!6 =  8 T2 (4-C )^
02  4" 3 o 3 4" 2os 4- 4og 4- 6 0 7  =  9ti (4-7))
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8 o i  +  7 o 2  +  6 0 3  +  7 o 4  - f  6 0 5  - f  5 o 6  +  4 o 7  =  IO to  ( 4 . ^ )
Now, we discuss only the isomorphic (6,3)-arcs in P G (2,9). From Table 4 .1 .3 , 
there are 11 distinct (6,3)-arcs Xi under coUineation in P6?(2,9).
Let us define the points of C i as follow:
Pi =  P ( l) ,  P2 =  P(2), Pa = P(3),
P4 =  P(72), Ps =  P(10).
and C 2  =  { P i , P 2 , P 3 , P 4 , P s  =  P ( 4 8 ) }  C 3  =  { P i , P 2 , P 3 , P 4 , P 5  =  P ( 4 5 ) }  
then the (6,3)-arc is
%x = {Pl,P2,P3,P4,Ps,P6} 
where Pg is given § 4.1.2. We write
{ij, k l,m n)  =  PiPj D PjfeP/ fl PmPn
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Then using table 4.1.3 we have for the various (6,3)-arcs the follows table 4.5
(6 ,3 )-a r cs  
co n ta in in g  C i
N u m b er o f  
3-secants «4
C oord in ates o f  
p oin ts o f  ty p e  A4
%i =  C l U {7} 2 — —
%3 =  C l U {85} 2 —
%4 =  C l  U {29} 3 —
%5 =  C l U {9} 3 —
X i i  =  C l U {19} 3 1 (56,23,14) =  P ( 1 1 ) =  (0 , 1 , 1 )
%13 =  C l U {11} 4 — —
%i5 =  C 2 U {57} 2 — —
%16 =  C 2 U {71} 1 0
X17 =  C2 U {82} 2 6 (23,14,56) =  P ( l l )  (24 ,36 ,15) =  P(19) 
(14,36,25) =  P(60) (24 ,56 ,13) =  P(77) 
(23,46,15) =  P(83) (13 ,25 ,46) =  P(91)
X 1 8  =  C 2 U {42} 1 2 (24,36,15) =  P(19) (14 ,25 ,36) =  P(60)
X2 1  =  C 3 U {55} 1 2 (14,26,35) =  P(60) (15 ,24 ,36) =  P(19)
Table 4.5
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L2 0
P ( 1 0 ) P ( 9 1 )L4 5 L 10
P ( 2 0 )
P( 7 7 )
L91L 16
g. 4.S: (S,S)-are hawing feur 3-
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§ 4 .2  T h e  case  o f  (6 ,3 )-arc w ith  four 3-secants
There is only one projectively distinct (6,3)-arc « 4  with four 3-secants, and the 
points of K4 may be taken as:
{ P ( l) ,  P (2 ), P(3), P(72), P(10), P ( l l ) }
If we put T3 = 4 , T 2 =  3, Tl =  42, tq =  42, in the equations 4.2.a, 4.2.b, 4.2.c and 
4.2.d, then, we obtain the unique solution which is X =  6 , Y =  0 and Z =  0 . 
Suppose Q ^ « 4 , it is clear that from F ig 4 .3  there is no point of type A i, A 2 
and A4 (in T able 4 .4), which means Ai =  A2 =  A4 =  0,
Since there are four 3-secants, on each of which there are seven such points Q, 
therefore, there are 28 points of type A3 .
Since there are three non-counccerent 2 -secants, then there are three points of 
intersection of these 2-secant s. Therefore, there are three points of type A5 , and 
on each 2-secant there are six other points. This means there are 18 points of 
type As, whence A^ =  36
L em m a 4 .2 .1
The points of weight 2 of the (85jl3;f)-arc K  of type (10,13) are points of type  
A3 and As (T able 4 .4 j when the points of weight 0 form a (6,3)-arc.
P r o o f
From equation (3.a), §3 .2 , through each of the points of weight 2 there pass four 
10-secants and six 13-secants of K. Suppose P is a point of type A2 , and suppose 
it has weight 2. From Table 4 .4 , the following pass through P; one 3-secant, one
2-secant, one 1 -secant and seven 0 -secants of the (6,3)-arc.
We showed in Lemma (3.2.4), that the i-secants (i =  1 , 2 , 3) of the (6,3)-arc are 
10-secants of K, and the 0 -secants of a (6 ,3 )-arc which have point of weight 2 are 
13-secants of K.
Therefore, through P there pass three 10 -secants and seven 13-secants, which is 
contradiction. Hence, the points of type A2 are not points of weight 2 .
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It could similarly be proved that the points of type Ai, A i, Ae and Aj are not 
points of weight 2 .
Suppose Q be a point of type A3 , from Table 4 . 4  through Q there pass one
3-secant, three 1-secants (which are 10-secants of K) and six 0-secants of the 
(6,3)-arc; which are either 13-secants or 10-secants with respect to K according 
to Q is a point of weight 2 or weight 1 respectively. Hence Q is possibly a point 
of weight 2 .
Suppose Q be a point of type A5 , from Table 4 .4  through Q' there pass two
2-secant, two 1-secants (which are 10-secants of K ) and six 0-secants of the (6,3)- 
arc; which are either 13-secants or 10-secants with respect to K according to Q' 
is a point of weight 2 or weight 1 respectively. Hence Q is possibly a point of 
weight 2 .
Hence the lemma is proved. □
C orollary
The points of type  A», i ^  3,5 are points of weight 1 with respect to the (85,13;f)~ 
arc K.
L em m a 4 .2 .2
The points of intersection of the 2-secants of « 4  are points in the subplane PG(2,3) 
and these points are:
Ri =  P(77) =  (1 ,0 ,1 ) =  Lie : (-Y -f- 2Z) fl Lgi : (Y  =  0 )
R 2 =  P (19) =  (1 ,2 ,1 ) =  Lie : (% +  2Z) D Lio : (X  -f 2Y  H- Z)
Rz =  P(91) =  (1 ,0 ,2 ) =  Lio n L91
R i , R 2 and Rs are points of weight 2 with respect to the (85,13;f)-arc.
P r o o f
Since the 2 -secants of « 4  are lines of the subplane of PG(2,9), therefore, the points 
of intersection of 2 -secants are points in the subplane.
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By Lem ma 4.2.1, the point of weight 2 is either of type A 3  or of type A 5 .
Since the 2-secants of « 4  meet the four 3-secants only in points of « 4 , therefore, 
the points of intersection of the 2 -secants (jRi, R 2  and Rz ) are points of weight 2  
with respect to the (85,13;f)-arc (by Lemma 3.2.4). □
C o ro lla ry
The other four points of the subplane are points of weight 1 with rerspect to 
(85,13;f)-arc.
P r o o f
From Lem ma 4.2.2 the points P(77), P(19) and P(91) are points of weight 
2, through each of these three points there pass two 1 -secant of /C4 . And by 
Lem m a 3.2.4, every 1-secant of (6,3)-arc has one point of weight 2. Hence the 
other points of type A 3  and A 5  are points of weight 1. From T ab le  4 .A , these
1 -secants and the points of type A 3  passing through the points P(77), P(19) and 
P(91) are: 2^1% P(48) & P(82), £7 4 : P(83) & P(60),
£zz: P(60) & P(82), 4 s :  P(83) & P(48),
£ 9 0 : P(48) &  P(60), 4 2 :  P(82) &  P(83).
Therefore the points P(48), P(60), P(82) and P(83) are points of weight 1 . □
Let L be a 0-secant of a (6,3)-arc. Suppose that on L there are a  points of type 
A 3 , j3 points of type A 5 , 7  points of type A g  and S points of type A 7 ,
Then, counting the points on L, the following equation is obtained:
« +  /? +  7 +   ^=  10 (1)
Counting the intersections of 2 -secants with L gives
2 /3+  7  =  3 (2)
Counting the intersections of 1 -secants with L gives
3a -f- 2/7 -|- 4 7  -1- 6  ^ =  42 (3)
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These three equations have the integral solutions listed in T ab le 4 .6  which shows 
how the 0-secants of the (6,3)-arc may be classified.
T y p e  o f  
th e  lin e
a /3 7 8
Lo 4 0 3 3
L i 4 1 1 4
T ab le 4 .6
Suppose there are i/q 0-secants of type L q and i/i 0 -secants of type Li 
Counting the incidences of 0 -secants with points of type A3 , gives
4i/q +  4z/i =  6 1 A3 1 =  168
Counting the incidences of 0 -secants with points of type Ag, gives
3 i/q 4- =  5 |A g | =  90
Therefore, vq =  24 and =  18.
(1)
(2)
Let M be a 1 -secant, and suppose that on M there are a  points of type A3 , /7 
points of type Ag, 7  points of type Ag and 8 points of type A?,
Then; counting the number of points on M, we get
a-H/7H-7 +   ^=  9 
Counting the intersections of 2 -secants with M, we obtmn:
2/3 -1- 7  =  2
Counting the intersections of 0 -secants with M, we obtain:
6 a  -f 6^ -f 6 7  -f- 4^ =  42
(1)
(2)
(3)
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These three equations have the integral solutions listed in T able (4 .7 )  which 
shows how the 1-secants of the (6,3)-arc K4 may be classified
T y p e  o f  
1-seca n t
a. P 7 8
M l 2 1 0 6
M 2 2 0 2 5
T able 4 .7
Suppose there are Ai 1-secants of type M \  and A2 1-secants of type M2 . 
Counting the incidences of 1-secants with points of type A 3 , we obtain:
2Ai +  2 A2 =  3 IA3 I =  84
counting the incidences of 1-secants with the points of type Ag, gives:
A i =  2 |A g | =  6
Then, A2 — 36.
(1),
(2)
Let N be a 2 -secant, and suppose that on N there are /3 points of type Ag and 7  
points Ag, then
/ 3 - f - 7  =  8  ( 1 )
Counting the intersections of 0 -secants with N
6/3 +  5 7  =  42
The only integral solution of these two equations is 
/3 =  2  and 7  =  6 .
R em a rk  o n  T ab le 4 .A  & 4 .B
(2)
(1) The underJined points  are points o f the (6,3)-arc K.
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(2) The  b o ld fa c e  poin ts  are points o f  type  A 3 with respect to k .
(3) The italic poin ts  are poin ts  o f  type  Ag with respect to k .
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T able 4 .A
T y p e L in es P o in ts T h e  eq u a tio n
3 -seca n t 4 1 2 4 10 28 50 57 62 78 82 Z =  0
3 -seca n t 4 2 3 5 11 29 51 58 63 79 83 X  =  0
1-secant £■3 3 4 6 12 30 52 59 64 80 84 X  -f 2 a Y  =  0
4 4 5 7 13 31 53 60 65 81 85 X - h 2 a Y - h a ^ Z  =  0
4 5 6 8 14 32 54 61 66 82 86 X  2 a Y  =  0
4 6 7 9 15 33 55 62 67 83 87 X  +  a ^ F  +  a^ Y  =  0
1-secant £ i 7 8 10 16 34 56 63 68 84 88 X  +  2 Y  +  2o?Z  =  0
1-secant £■8 8 9 11 17 35 57 64 69 85 89 X  +  2a^Y +  a^Z =  0
1-secant 4 9 10 12 18 36 58 65 70 86 90 X  +  2 Y  Y a ^ Z  =  Q
2-secant £ i o 10 11 13 Iff 37 59 66 71 87 ffl X  +  2 Y  +  Z  =  Q
3 -seca n t £ i i 11 12 14 2 0 38 60 67 72 88 1 Y +  2Z =  0
1-secant £i 2 12 13 15 21 39 61 68 73 89 2 X  -f 2 a Z  =  0
1-secant £i 3 13 14 16 22 40 62 69 74 90 3 X - h a ^ Y  =  0
£ i 4 14 15 17 23 41 63 70 75 ffl 4 X  -h 2 a Y  -j- Z =  0
1-secant £ i 5 15 16 18 24 42 64 71 76 1 5 Y  +  2 a Z  =  0
2-secant £ i 6 16 17 Iff 25 43 65 72 77 2 6 X  -j- 2Z  — 0
1-secant £ i 7 17 18 2 0 26 44 66 73 78 3 7 X - h a Y  =  0
£ i 8 18 J ÿ 21 27 45 67 74 79 4 8 X  -h 2 a Y  -h2a^Z =  0
4  9 J£l 2 0 22 28 46 68 75 80 5 9 X - h 2 a ^ Y - h 2 a ^ Z  =  0
1-secant 4 o 2 0 21 23 29 47 69 76 81 6 10 X - i - 2 Y - h a ^  =  0
1-secant 4 i 21 22 24 30 48 70 77 82 7 11 X - h  Y -h 2Z =  0
£ 2 2 22 23 25 31 49 71 78 83 8 12 X  -h olY  -f olZ  =  0
1-secant £ 2 3 23 24 26 32 50 72 79 84 9 13 X  Y a ^ Y  +  a^Z =  0
1-secant £ 2 4 24 25 27 33 51 73 80 85 10 14 X Y 2 Y Y 2 a ^ Z  =  0
1-secant 4  s 25 26 28 34 52 74 81 86 11 15 X  Y  2o:  ^ +  Z =  0
4 e 26 27 29 35 53 75 82 87 12 16 X  Y Y  Y 2 a '^ z  =  0
4 ? 27 28 30 36 54 76 83 88 13 17 X  Y  2a^Y Y  2a^Z =  0
4 a 28 29 31 37 55 77 84 89 14 18 X  Y 2 a ^ Y  Y 2 Z  =  0
4 q 29 30 32 38 56 78 85 90 15 Iff X Y a ^ Y Y  a^Z =  0
£ 3 0 30 31 33 39 57 79 86 ffl 16 2 0 X  Y 2 a ^ Y  Y  Z =  0
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T y p e L in es P o in ts T h e  e q u a t io n
1-secant 3^1 31 32 34 40 58 80 87 1 17 21 Y  +  2a^Z =  0
1-secant £ 3 2 32 33 35 41 59 81 88 2 18 22 X Y a ^ Z  =  0
1-secant £ 3 3 33 34 36 42 60 82 89 3 19 23 x  +  y  =  0
£ 3 4 34 35 37 43 61 83 90 4 20 24 X  -h 2olY  -h 2 a Z  =  0
£ 3 5 35 36 38 44 62 84 91 5 21 25 X - \ - a ^ Y - \ - Z  =  0
1-secant £ 3 6 36 37 39 45 63 85 1 6 22 26 Y  +  a^ Z  =  0
1-secant £ 3 7 37 38 40 46 64 86 2 7 23 27 X  +  2a^Z =  0
1-secant £ 3 8 38 39 41 47 65 87 3 8 24 28 X  -h 2a^ Y  =  0
£ 3 9 39 40 42 48 66 88 4 9 25 29 X  - \-2 a Y  -\-2a^Z  =  0
1-secant £ 4 0 40 41 43 49 67 89 5 10 26 30 X - f - 2 y  4- 2 a Z  =  0
1-secant £ 4 1 41 42 44 50 68 90 6 11 27 31 X  +  a ^ Y  +  2a^Z =  0
£ 4 2 42 43 45 51 69 91 7 12 28 32 X  4 -2 a ^ Y  +  Z =  0
1-secant £ 4 3 43 44 46 52 70 1 8 13 29 33 Y - \ -2 a ^ Z  =  0
1-secant £ 4 4 44 45 47 53 71 2 9 14 30 34 X  Z  =  0
3 -se c a n t £ 4 5 45 46 48 54 72 3 10 15 31 35 X  +  2 Y  =  0
1-secant £ 4 6 46 47 49 55 73 4 11 16 32 36 X  -h 2 a y  4- a Z  =  0
£ 4 7 47 48 50 56 74 5 12 17 33 37 X  +  a^ F  +  2a^F =  0
£ 4 8 48 49 51 57 75 6 13 18 34 38 X  -f- 2a^ Y  Y  ccZ =  0
£ 4 9 49 50 52 58 76 7 14 19 35 39 X  oc^Y Y  olZ =  0
£ 5 0 50 51 53 59 77 8 15 20 36 40 X  +  a ^ Y  + 2 2  =  0
£ 5 1 51 52 54 60 78 9 16 21 37 41 X  +  a F +  a ^ 2  =  0
1-secant £ 5 2 52 53 55 61 79 10 17 22 38 42 X  +  2 F  +  2olZ =  0
1-secant £ 5 3 53 54 56 62 80 11 18 23 39 43 X  +  a^ F  +  2a^ 2  =  0
£ 5 4 54 55 57 63 81 12 19 24 40 44 X  +  2a^ F  +  =  0
£ 5 5 55 56 58 64 82 13 20 25 41 45 X  4- ctY  4 -^  =  0
£ 5 6 56 57 59 65 83 14 21 26 42 46 X  +  2a^ F  +  2a^ 2  =  0
£ 5 7 57 58 60 66 84 15 22 27 43 47 X  +  2 a 'F  +  2 a" 2  =  0
£ 5 8 58 59 61 6 7 85 16 23 28 44 48 X  +  2a^ F  +  2 a 2  =  0
£ 5 9 59 60 62 68 86 17 24 29 45 49 X  +  a^ F  +  a Z  =  0
£ 3 9 60 61 63 69 87 18 25 30 46 50 X  +  ce^Y Y  2 a Z  =  0
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T ab le  4 .A  (co n tin u ed )
T y p e L in es P o in ts T h e  eq u a tio n
61 62 64 70 88 19 26 31 47 51 Y  +  2 a \Z  =  0
6^2 62 63 65 71 89 20 27 32 48 52 X  +  a^Y +  2a^Z =  0
1-secant £-63 63 64 66 72 90 21 28 33 49 53 X  +  2a^Y +  a Z ^ O
6^4 64 65 67 73 91 22 29 34 50 54 X  +  a ^ Y  +  Z =  0
1-secant 6^5 65 66 68 74 1 23 30 35 51 55 Y  +  a^Z =  0
1-secant £g6 66 67 69 75 2 24 31 36 52 56 X  +  2a^ Z  =  0
1-secant £%1 67 68 70 76 3 25 32 37 53 57 X + 2 a ^ y  =  0
6^8 68 69 71 77 4 26 33 38 54 58 Y  +  2a^Z  =  0
1-secant £ 3 9 69 70 72 78 5 27 34 39 55 59 X  +  a Y  +  2a^Z =  0
£ 7 9 70 71 73 79 6 28 35 40 56 60 X  +  2 a = 'y +  2 a ’ Z =  0
1-secant £ 7 1 71 72 74 80 7 29 36 41 57 61 X  +  2a=F  +  2 a Z  =  0
1-secant £ 7 2 72 73 75 81 8 30 37 42 58 62 X  +  a ^ Y  +  a^Z =  0
£ 7 3 73 74 76 82 9 31 38 43 59 63 X  +  Y  Y a ^ Z  =  0
1-secant £ 7 4 74 75 77 83 10 32 39 44 60 64 X y 2 Y y 2Z =  0
1-secant £ 7 5 75 76 78 84 11 33 40 45 61 65 X  -h a Y  -f 2a Z  =  0
£ 7 9 76 77 79 85 12 34 41 46 62 66 X  +  a ^ y +  2Z =  0
£ 7 7 77 78 80 86 13 35 42 47 63 67 X  -j- otY 2Z  -f- 0
£ 7 8 78 79 81 87 14 36 43 48 64 68 X Y a Y Y a ^ Z  =  0
£ 7 9 79 80 82 88 15 37 44 49 65 69 X  -f a Z  =  0
8^0 80 81 83 89 16 38 45 50 66 70 X  -f a Y  Y  OL^ Z  =  0
8^1 81 82 84 90 17 39 46 51 67 71 X  +  y +  a^Z =  0
1-secant 8^2 82 83 85 91 18 40 47 52 68 72 X  Y  Y  Y  z  — 0
1-secant 8^3 83 84 86 1 19 41 48 53 69 73 Y Y Z  =  0
1-secant 8^4 84 85 87 2 20 42 49 54 70 74 X  H" a Z  =  0
1-secant 8^5 85 86 88 3 21 43 50 55 71 75 X  +  a^ Y  =  0
1-secant 8^6 86 87 89 4 22 44 51 56 72 76 X  +  2 a y  +  2a" y =  0
£87 87 88 90 5 23 45 52 57 73 77 X  +  2a^Y Y 2 Z  =  0
8^8 88 89 91 6 24 46 53 58 74 78 X  Y  ocY Y  Z =  0
1-secant £89 89 90 1 7 25 47 54 59 75 79 X  -j- a Z  =  0
1-secant £ 9 9 90 91 2 8 26 48 55 60 76 80 X  y Z =  0
2-secant £ 9 1 91 1 3 9 27 49 56 61 77 81 Y  =  Q
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T h e  m e th o d  o f  fin d in g  th e  p o in ts  o f  w eig h t 2
Every 0-secant of « 4  is either a 10-secant of type (0,10,0), or a 13-secant of type 
(3,7,0), therefore, the points of type A3 on each 0-secant have either three points 
of weight 2 , or none.
There are 42  0-secants, 18 of them of type L\  and each having one point of type 
As on it. The other 24 are of type L q and each have four points of type A3 on 
it.
One of these four points is a point of a subplane and it has weight 1 . Hence, the 
other three are all having weight 2  or weight 1 .
From T ab le  4 .A , one of the 0-secants of type L q is £4 having on it four points of 
type A3 . One of them, P(60), is a point of the subplane PG (2,3) and has weight 1 . 
The other three are P(4), P(5) and P(31), therefore, there are two possibilities:
( 1 ) P (4), P(5) and P(31) are points of weight 2.
( 2 ) P (4), P(5) and P(31) are points points of weight 1.
( 1 ) For the first possibility since these points are points of type A3 , then
through each of them there pass five other 0-secants, two of them of type L q . 
Through P (4), there pass two 0 -secants of type L q which from T ab le 4 .A , are 
£z4 and 3^9 .
For the same reason the points of type A3 , excluding those which lie in the 
subplane PG (2,3), are points of weight 2 . Hence, P(35), P(20), P (8 8 ), P(29) are 
points of weight 2 .
Following the same argument for P(5) and P(31), it was found that P(14), P(54), 
P(50), P (1 2 ), P(78), P(38), and P(63) are points of weight 2.
Therefore, the number of the points of weight 2 is 17 , which is a contradiction. 
So, the points P(4), P(5) and P(31) are not points of weight 2.
( 2 ) In the second possibility, P(4), P(5) and P(31) are points of weight 1 ;
therefore, the points of type A 3 on the 0 -secants of type L q are points of weight
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1 (because the 0-secants of the (6,3)-arc either have three points of weight 2 or 
none).
As in the proof of the first part, through the points P(4), P (5), P(31) there pass 
two 0-secants of type Lq, which are, from (Table 4 .A), 3^4 ,^39 , 4 ,^47 , £ 2 2  and 7^3 . 
Since one of the points of type A3 on each of these 0 -secants is a point of weight 
1 , the other two are points of weight 2 . Therefore, P(35), P(20), P (8 8 ),
P(29), P(14), P(54), P(50), P (1 2 ), P(78), P(38) and P(63) are points of weight 1 .
The 1-secants of the (6,3)-arc are 10-secants of K having on each one point of 
weight 0  and one point of weight 2 .
The 1-secants of type M i  is have on them two points of type A 3 (which are 
possibly of weight 2). One of the 1-secants of type M i  is £ 3  having on it P(4) and 
P(12) of type A3, one of which is possibly of weight 2. But we showed above that 
these two points are points of weight 1 , which is a contradiction. □
Hence, we deduce the following theorem:
T h e o r e m  4 .2 .3
There is no (85,13;f)-arc of type  (10,13) having Im f  =  {0 ,1 ,2 }  for which the 6 
points o f weight 0 form a (6,3)-arc with four 3-secants. □
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§ 4 .3  T h e  ca se  o f  a  (6 ,3 )-a r c  w ith  th ree  3 -seca n ts
In this section, we attempt to find an example of a (85,13;f)-arc of type (10,13). 
As has been shown in T ab le 4 .1 .2  there are th ree  projectively distinct (6 ,3 )-arcs 
« 3  having three 3-secants x s  and Xii -
Suppose there are X  points of type 1, Y  points of type 2 and Z points of type 
3 (T ab le  4 .3 )  then, by using equation (8), Lemma. 1.8.1, the following equations 
are obtained:
X  +  Y - \ - Z  =  k =  6 (1)
2 X  +  Y  =  3t3 =  9 (2 )
X - \ - 3 Y - \ - 5 Z  =  2t2 =  12 (3)
7X  -\-6Y -\-5Z =  T i =  43 (4)
The solutions of these equations are listed in T ab le 4.8:
T y p e  o f  
th e  p o in t
a P 7
N u m b e r  o f  
each  ty p e
X 2 1 7 3
Y 1 3 6 3
Z 0 5 5 0
T able 4 .8
From Fig 4.4(a) & Fig 4.4(b), the three 3-secants are meet in a point of /C3 , and 
each 2-secant meet the 3 -secant in a point of «3  hence \Ai\ =  IA2 I =  0.
From equation 4.B, we get that A3 = 2 1 .
The number of intersections of 2 -secants =  (®) =  15.
The number of intersections of 2 -secants at the points of « 3  =  3(g) =  9.
Hence, the number of intersections of 2 -secants at the points Q ^ K2  
=  15 - 9 =  6 .
Therefore; there are th r e e  cases to discuss:
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(a ) The number of points of type A4 =  0 and the number of points of type 
As =  6.
Now, if equations 4 .A & 4.C are used the following will be obtained:
The number of points of type Ae =  36 and the number of points of type A? =  
22 .
(b ) The number of points of type A4 =  1 and the number of points of type 
As =  3. Now, by using the equations 4.A & 4.C, we get:
the number of points of type Ae =  39 and the number of points of type A% =  21.
(c ) The number of points of type A4 =  2 and the number of points of type 
As =  0 . Using the equations 4.A and 4.C, we obtain:
the number of points of type Ae =  42 and the number of points of type A% =  20. 
From T ab le  4 .5 , the only possible value of 0 4  is 1 & 0, hence the only cases we 
discuss is ca se  a  & case  b.
Let N be a 2-secant of (6,3)-arc « 3 , and suppose that on N there are xi  points 
of type A2 , X2  points of type A4 , X3 points of type As and X4  points of type Ae, 
then counting the points on N,
iCl +  +  «3 +  =  8
Counting the intersections of 0 -secants with N
7xi -f 7z2 +  6 Z3 -f 5 x 4  =  43 
From ( 1 ) & (2 ), we obtain the following:
2a; 1 -(- 23:2 4- 2:3 =  3
(1)
(2)
(3)
Hence, the solutions of these equations for the cases a & b are as listed in T able  
4.9:
T y p e  o f  
2 -seca n t
Xi X2 X3 X4 C ase a C a se  b
N i 0 1 1 6 0 1
N 2 0 0 3 5 3 3
N 3 1 0 1 6 3 2
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T able 4 .9
Suppose that there are fii 2-secants of type N i,  ^ 2  2-secants of type N 2 and /I3
2 -secants of type JV3 .
Counting the number of 2-secants of the « 3 , we get
/^ 1 +  =  6 (1) 
Counting the incidences of 2-secants with A2-points, we get
/^ 3 =  IA2 I =  3 (2)
Counting the incidence of 2-secants with A^-points, we obtain
fii =  I A4 1 (3)
Counting the incidences of 2 -secants with Ag-points, we get
/^ 3 +  3/2.2 =  2|As| (4)
2 |As| =  the number of points of type Ag multiplied by the number of 2-secants 
through each point of type Ag.
Counting the incidences of 2 -secants with Ag-points, we get
6/23 +  5 /X2 +  6 /xi =  lAel (5)
From these equations; we obtain the following:
C a se  a / 2 1  =  0 , /X2  =  3 an d  fi2 =  3;
C a se  b /xi =  1, /i2  == 3 and  =  2.
From, Lem m a 3.2.4, if  ^ is a 2 -secant of the (6,3)-arc, then on £ there are tw o  
points of weight 2. In the case of the (6 ,3 )-arc K3 , the 2 -secants of type N 3 could
only possibly have one point of weight 2 , which is a point of type Ag, and this is
contradiction.
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Hence there does not exist such a (85,13;f)-arc of type (10,13).
Accordingly, from the above we deduce the following theorem:
T h e o r e m  4 .3 .1
There is no (85,13;f)-airc o f typ e  (10,13) having Im f =  { 0 ,1 ,2 }  for which the  s ix  
po in ts  o f weight 0 form a (6,3)-arc w ith  three 3-secants. □
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§ 4 .4  T h e  case  o f  a (6 ,3 )-a r c  w ith  tw o 3 -seca n ts
As in T ab le  4 .1 .2 , there are n in e projectively distinct (6,3)-arcs ^ 2 , which are 
X it  %2 , %6 , %7, %9 , %io and %i2 . Of them just tw o  are distinct under
collneation.
Since there are only two 3-secants which meet in a point of « 2 , therefore there is 
only one point of ty p e  1 ( T able 4 .3 ). This means X =  1.
If we put T3 =  2, T2 =  9, Tl =  36, tq =  44 and X =  1 in equations 4.a, 4.b, 4.c 
and 4.d, then the only solution of these equations is Y =  4 and Z =  1 .
Since the two 3-secants of K2  intersect at the point of « 2 » therefore A i =  0.
F iv e  of the nine 2-secants of « 2  intersect the two 3-secants in points of « 2 , while 
the other fou r intersect the two 3-secants in points ^ K2 , f =  1, "  - ,4 . Hence, 
the number of points of type A 2 =  4. Therefore, from eq u a tio n  4 .C , the number 
of points of type A3 =  1 0 .
The number of intersections of 2-secants =  (®) =  36.
The number of intersections of 2-secants at the points of ty p e  3 of K2 =  (2) =  
10.
The number of intersections of 2-secants at the points of ty p e  2 of #C2 =  4 (2) =  
12.
Hence, the number of intersections of 2 -secants at the point Q ^ /c =  36 - (10 -f 
1 2 ) =  14. So, the maximum value for « 4  is 4.
Then the equations 4.A, 4.C, 4.D and 4.E become:
«4 +  « 5  +  «6 +  « 7  =  71 (1)
30=4 4- 2«5 4- 0=6 =  6 8 (2 )
« 5  -f 2ug 4- 3«7 =  290 (3)
70=4 4- 6 « 5  4- 5«6 4- 4u7 =  352 (4).
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The possible solution of these equations are listed in T ab le 4.10:
T h e  cases «4 « 5 ae « 7
C a se  1 4 2 52 13
C a se  2 1 11 43 16
C a se  3 0 14 40 17
T ab le 4 .1 0
As in T ab les  4 .4  &: 4 .5 , the only possible value of 0:4 is 0, hence, the only case 
we will discuss is case  3.
Let N be a 2-secant of « 2 , and suppose that on N there are t/i points of type A 2 , 
2/2 points of type As and 2/3 points of type Ag, then counting the points on N,
2 / 1 + 2 / 2  + 2 / 3  — 8 
Counting the intersections of 0-secants with N, we get
7yi 4- 62/2 4- 52/3 =  44 
From (1) & (2), we obtain the following:
22/1 4-3/2 =  4
And the solutions of these equations are listed in T ab le 4.11:
( 1)
(2)
(3)
T y p e  o f  
2-seca n t
y i y2 ys
N i 2 0 6
N 2 1 2 5
N s 0 4 4
T able 4 .11
Suppose that there are /xj 2-secants of type N i, fi2  2-secants of type N 2 and /X3 
2-secants of type N^.
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Now, counting the number of 2-secants of « 2 , we get
/ i^ +  /^ 2 +  /^ 3 =  9 (1)
Counting the incidences of 2-secants with A2-points, we get
2^1 -f ;X2 =  « 2  =  4 (2)
Counting the incidences of 2-secants with ^ 5-points, we obtain
2/Z2 +  4/xs =  2as =  28 (3)
Counting the incidences of 2-secants with Ag-points, we get
6/x i +  6f i2  +  4/13 =  a g  =  40 (4 )
20=5 =  the number of points of type A5 multiplied by the number of 2 -secants 
through each point of type A s .
Since the 2 -secants of K 2 intersect the 3-secants either in a point of k .2 or in only 
one point Q ^ « 2 ? therefore fii =  0.
Hence, /12 =  4 and /13 =  5.
From T ab le  4 .5 , one of the eight projectively distinct (6,3)-arcs of this type is
Cl u {P(7)}.
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T y p e L ines P o in ts T h e  eq u a tio n
3 -seca n t 1^ 1 2 4 10 28 50 57 62 78 82 Z  =  0
2 -seca n t 2 3 5 11 51 58 63 79 83 x  =  o
1-secant 3^ 3 4 6 12 30 52 59 64 80 84 X  -f 2 a Y  =  0
1-secant 4 4 5 1 13 31 53 60 65 81 85 X \ 2 a Y  ^OL^Z =  0
5^ 5 6 8 14 32 54 61 66 82 86 X  -h 2 olY  =  0
1-secant 4 6 7 9 15 33 55 62 67 83 87 X  +  a ^ Y  +  =  0
2 -seca n t 7^ 7 8 10 1 6 34 5 6 63 68 84 8 8 X  +  2 Y  +  2 a ^ Z  =  0
8^ 8 9 11 1 7 35 57 64 69 85 89 X  +  2 a ^ Y  +  a ^ Z  =  0
1-secant 9^ 9 10 12 18 36 58 65 70 86 90 X  +  2 Y  +  a ^ Z  =  0
1-secant 1^0 10 11 13 19 37 59 66 71 87 91 X  +  2 Y  +  Z  =  0
2 -seca n t 1^1 i i 12 14 2 0 3 8 60 67 72 8 8 1 Y +  2 Z  =  0
1-secant 1^2 12 13 15 21 39 61 68 73 89 2 X  +  2 a Z  =  0
1-secant 1^3 13 14 1 6 22 40 62 69 74 90 3 X  +  a ^ Y  =  0
1^4 14 15 1 7 23 41 63 70 75 91 4 X  +  2<xY Z  =  0
1-secant 1^5 15 1 6 18 24 42 64 71 76 1 5 Y  +  2 a Z  =  0
2 -seca n t 1^6 1 7 19 2 5 43 65 72 7 7 2 6 X  +  2 Z  =  0
2 -seca n t 1^7 1 7 18 2 0 26 44 66 73 78 3 7 X  +  a Y  =  0
1^8 18 19 21 2 7 45 67 74 79 4 8 X  +  2 a Y  +  2 a ^ Z  =  0
1^9 19 Î 0 22 28 46 68 75 80 5 9 X  +  2a='F +  2a^2 =  0
1-secant 2^0 ;gO 21 23 2 9 47 69 76 81 6 10 X  +  2 F  +  =  0
1-secant 2^1 21 22 24 30 48 70 7 7 82 7 11 X  +  Y + 2 Z  =  0
2^2 22 23 2 5 31 49 71 78 83 8 12 X  +  a Y  +  a Z  =  0
1-secant ^23 23 24 26 32 50 72 79 84 9 13 X  +  a ^ Y +  a ^ Z  =  Q
1-secant ^24 24 f7 33 51 73 80 85 10 14 X  +  2 Y  +  2 a ^ Z  =  Q
^25 26 28 34 52 74 81 86 11 15 X  + 2 a ^  + a ^ Z  =  0
^26 26 ;g7 2 9 35 53 75 82 87 12 1 6 X  +  Y  +  2 a ^ Z  =  0
^27 Jg7 28 30 36 54 76 83 8 8 13 1 7 X  +  2 a ^ Y  +  2 a ^ Z  =
^28 28 2 9 31 37 55 7 7 84 89 14 18 X  +  2a^F +  2Z =  0
^29 jgP 30 32 S 8 5 6 78 85 90 15 19 X  +  a^Y  +  a^Z =  0
^30 30 31 33 39 57 79 86 91 1 6 2 0 X  +  2a^Y +  Z =  0
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T y p e L ines P o in ts T h e  eq u a tio n
1-secant 3^1 31 32 34 40 58 80 87 1 17 21 Y  +  2a^Z =  0
1-secant 3^2 32 33 35 41 59 81 88 2 18 22 X  Z  =  0
1-secant 3^3 33 34 36 42 60 82 89 3 19 23 X  +  Y  =  0
3^4 34 35 37 43 61 83 90 4 20 24 X  -f 2 a Y  -f 2 aZ  =  0
3^5 35 36 38 44 62 84 91 5 21 Jgj^ X  +  a^ Y  +  Z =  0
1-secant 3^6 36 37 39 45 63 85 1 6 22 26 Y  +  a^Z =  0
2 -seca n t 3^7 37 38 40 46 64 86 2 7 23 27 X  +  2o?Z  =  0
1-secant 3^8 39 41 47 65 87 3 8 24 28 X  +  2 c? Y  =  0
3^9 39 40 42 48 66 88 4 9 29 X  +  2olY  +  2c? Z  =  0
1-secant 4^0 40 41 43 49 67 89 5 10 26 30 X  +  2 Y  +  2 a Z  =  0
4^1 41 42 44 50 68 90 6 1 1 27 31 X  +  a^ Y  +  2a^Z =  0
1-secant 4 2 42 43 45 51 69 91 7 12 28 32 X  +  2a^Y +  Z =  0
1-secant 4 3 43 44 46 52 70 1 8 13 jg^ 33 Y  +  2a^Z  =  0
1-secant 4 4 44 45 47 53 71 2 9 14 30 34 X  c? Z =  0
3 -seca n t 4 s 45 46 48 54 72 3 10 15 31 35 X  +  2 Y  =  0
4 e 46 47 49 55 73 4 1 1 16 32 36 X  2 a Y  4- a Z  =  0
4 ? 47 48 50 56 74 5 12 17 33 37 X  +  a ^ y +  2a^F =  0
4 s 48 49 51 57 75 6 13 18 34 38 X  +  2a^Y +  a Z  =  0
1-secant 4  9 49 50 52 58 76 7 14 19 35 39 X  +  a^Y  +  a Z  =  0
4 o 50 51 53 59 77 8 15 20 36 40 X  +  a^Y  +  2Z  =  0
4 i 51 52 54 60 78 9 16 21 37 41 X  +  c l Y  +  o?Z  —  0
1-secant 4 2 52 53 55 61 79 10 17 22 38 42 X  4- 2 Y  +  2otZ =  0
4 3 53 54 56 62 80 1 1 18 23 39 43 X  +  a^Y  +  2a^Z =  0
4 4 54 55 57 63 81 12 19 24 40 44 X  + 2 c ? Y  +  a^Z =  0
4 s 55 56 58 64 82 13 20 25 41 45 X  +  otY - h  Z  =  0
5^6 5 6 57 59 65 83 14 21 26 42 46 X  +  2a ‘ Y  +  2a^Z =  0
4  7 57 58 60 66 84 15 22 27 43 47 X  +  2a^Y +  2a^Z =  0
4 s 58 59 61 67 85 16 23 28 44 48 X  +  2a^F +  2aZ  =  0
^59 59 60 62 68 86 17 24 29 45 49 X  +  a * y  +  a Z  =  0
4 o 60 61 63 69 87 18 30 46 50 X  +  a ^ y  +  2 a y  =  0
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T ab le  4 .B  (co n tin u ed )
T y p e L ines P o in ts T h e  eq u a tio n
6^1 62 64 70 88 19 26 31 47 51 Y  +  2a^Z =  0
6^2 62 63 65 71 89 20 27 32 48 52 X  +  a^ Y  +  2o?Z =  0
1-secant 6^3 64 66 72 90 21 28 33 49 53 X  +  2a^Y +  a Z  =  0
6^4 64 65 67 73 91 22 29 34 50 54 X  +  a^Y  +  Z =  0
1-secant 6^5 65 66 68 74 1 23 30 35 51 55 Y  +  a^Z =  0
1-secant 6^6 66 67 69 75 2 24 31 36 52 56 X  +  2a^Z =  0
1-secant 6^7 67 68 70 76 3 32 37 53 57 X  +  2a^Y  =  0
6^8 68 69 71 77 4 26 33 38 54 58 Y  +  2a^Z =  0
1-secant 6^9 69 70 72 78 5 27 34 39 55 59 X  +  a Y  +  2a^Z  =  0
7^0 70 71 73 79 6 28 35 40 56 60 X  +  2a^Y +  2a^Z =  0
2 -seca n t 7^1 71 72 74 80 7 29 36 41 57 61 X  +  2a^Y +  2 a Z  =  0
1-secant 7^2 72 73 75 81 8 30 37 42 58 62 X  +  a “y  +  a^ y  =  0
7^3 73 74 76 82 9 31 38 43 59 63 X  +  Y  +  a^Z =  0
1-secant 7^4 74 75 77 83 10 32 39 44 60 64 X  +  2 Y  +  2Z =  0
7^5 75 76 78 84 11 33 40 45 61 65 X  +  a Y  +  2aZ  =  0
7^6 76 77 79 85 12 34 41 46 62 66 X  +  a^ Y  +  2Z  =  0
77 78 80 86 13 35 42 47 63 67 X  +  O.Y +  2Z  +  Ü
7^8 78 79 81 87 14 36 43 48 64 68 X  +  a Y  +  0?  Z  =  0
7^9 7P 80 82 15 37 44 49 65 69 X  +  a Z  =  0
8^0 80 81 83 89 16 38 45 50 66 70 X  +  a Y  +  a^ Z ~  0
81 82 84 90 17 39 46 51 67 71 X  +  Y  +  a^Z =  0
1-secant 8^2 82 83 85 91 18 40 47 52 68 72 X  +  F  +  y  =  0
1-secant 8^3 83 84 86 1 19 41 48 53 69 73 Y  +  Z =  0
1-secant 4 4 84 85 87 2 20 42 49 54 70 74 X  +  a Z  =  0
1-secant 4 s 85 86 88 3 21 43 50 55 71 75 X  +  a ^ y  =  0
1-secant 4 e 86 87 89 4 22 44 51 56 72 76 X  +  2 a Y  +  2a^Z =  0
4 7 87 88 90 5 23 45 52 57 73 77 X  +  2a^Y +  2Z  =  0
4 8 88 89 91 6 24 46 53 58 74 78 X  +  a Y  Z =  0
2 -seca n t 4 9 89 90 1 7 25 47 54 59 75 79 X  +  a Z  =  0
1-secant 4 o 90 91 2 8 26 48 55 60 76 80 X + y = 0
2-seca n t 4 i 91 1 3 9 27 49 56 61 77 81 y = 0
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There are four 2-secants of type Æ2 , which could possibly have two points of 
weight 2, which are the points of type A 5 .
From Lem m a 3.2.4, each 2-secant of the (6,3)-arc has on it two points of weight 2, 
therefore, every point of type As on the 2-secant of type N 2  is a point of weight 
2 .
Hence, the 2-secants of type N 2 and the points of type As on it are (T ab le  4 .B );
(1) in :  P(17) and P(20),
(2) 4 7 : P(38) and P(27),
(3) P(29) and P(61),
(4) isgi P(25) and P(79).
And all these 8 points are points of weight 2 with respect to the (85,13;f)-arc of 
type (10,13).
The other 2-secants of type Ns and the points of type As on each are (T ab le  
4 .B ):
(1) £2 : P ( l l ) ,  P(29), P(63) and P(20),
(2) 4 :  P(16), P(56), P(63) and P(88),
(3) i i i :  P ( l l ) ,  P(20), P(38) and P(88),
(4) fig: P(16), P(17), P(25) and P(77),
(5) £9 1 : P(27), P(56), P(61) and P(77).
Since each 2-secant has two points of weight 2 on it, from the above we deduce 
that
P(63), P ( l l ) ,  P(88), P(16), P(77) and P(56) are points of weight 1. This means, £ 7  
is a 2-secant of the (6,3)-arc and has no point of weight 2, which is contradiction.
Hence, we have proved the following theorem:
T h e o r e m  4 .4 .1
There is no (85,13;f)-arc o f type  (10,13) having Im f  =  { 0 ,1 ,2 }  for which the s ix  
poin ts o f weight 0 form a (6,3)-arc with two 3-secant and the num ber o f poin ts of 
type  A4 is 0. O
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§ 4 .5  T h e  ca se  o f  a  (6 ,3 )-a r c  w ith  on e 3 -seca n ts
In this section, we attempt to find an example of the (85,13;f)-arc of type (10,13). 
As has been shown in T ab le 4 .1 .2  there are e igh t projectively distinct (6,3)-cLrcs 
#ci having only one 3-secant which are X ie, %18, X i9 , %20 , %22 , %23 and X24* In 
T ab le  4 .1 .3  there are th r e e  distinct (6,3)-arcs /ci under coUineation.
There are 12 2-secants of Kj, 9 of which intersect the 3-secant £ in points 
P  G « 1 , while the other 3 intersect i  in three different points Q i, Q2 , Qs ^ 
Through each of these points there passes one 3-secant and one 2-secant, therefore; 
Q h  Q 2 1  Qz are points of type A 2 . Hence, the number of points of type A 2  is 3. 
By using equation 4.B, the number of points of type A3 is 4.
If we put T3 =  1, T2 =  12 and Ti =  33 in equations 4.a, 4.b, 4.c and 4.d; we get
the following solution:
X =  0, Y  =  3 and Z =  3
The number of intersections of 2 -secants =  (^ ) =  6 6 .
The number of intersections of 2 -secants at the points of Ki =  3(g) + 3 (2) = 9  
-h 30 =  39.
Hence, the number of intersections of 2-secants at the points Q f  Ki =  66 - 39 =
27. So, the maximum value for « 4  is 9.
Then equations 4 .A, 4.C, 4.D and 4.E become:
+  as +  as +  a j =  71 (1)
3tt4 -f- 2 a s  -f ae =  68 (2)
as H- 2ag +  3a% =  290 (3)
7tt4 -f 6as -|- Sag -f 4a? =  352 (4).
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The possible solutions of these equations are listed in T ab le 4 . 1 2 :
T h e  ca ses «4 «6 «0 «7
C a se  1 8 3 63 4
C a se  2 6 9 57 6
C a se  3 5 12 54 7
C a se  4 4 15 51 8
C a se  5 2 21 45 10
C a se  6 1 24 42 11
C a se  7 0 27 39 12
T able 4 .12
As in T ab le  4 .4  & T ab le 4 .5 , the only possible values of are 2 and 0, hence 
the only cases we will discuss are cases 5 &: 7.
Let N be a 2-secant of (6,3)-arc /Ci, and suppose that on N there are points
of type A 2 , Z2 points of type A4 , Z3 points of type A5 and Z4 points of type Ag,
then counting the points on N,
®1 +  »2 +  =  8 (1) 
Counting the intersections of 0 -secants with N
7zi +  7x2 +  6 z 3 +  5z4 =  45 (2)
From (1) & (2), we obtain the following:
2x i + 2 x2 + x s = 5  (3).
Hence, the solutions of these equations are listed in T ab le 4 .13:
T y p e  o f  
2 -se c a n t
Xl X2 xs X4 C ase 5 C ase  7
N i 2 0 1 5 0 1
■ ....  N 3 - 1 1 1 5 3 3
■ N a 1 0 3 4 3 2
N 4 0 2 1 5 0 1
■■ N a ■ ■ Ô 1 3 4 3 3
N e 0 0 5 3 3 2
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Suppose there are fti 2-secants of type TVi, ^ 2  2 -secants of type N 2  , /^ s 2-secants 
of type iVs, /i4 2 -secants of type Y 4 , /X5 2 -secants of type and /xg 2 -secants of 
type iVg.
Now, counting the number of 2-secants of the (6,3)-arc /Ci, we get
/^1 + /^2 +  + /^4 +  /^5 +  /^6 =  1 2  (1 )
Counting the incidences of 2-secants with A2-points, we get
2/^ 1 + /X2 +  a^ 3 =  IA2 I =  3 (2)
Counting the incidences of 2 -secants with ^ 4-points, we obtain:
^2 +  2/X4 + /X5 =  3 IA4 I (3)
Counting the incidences of 2-secants with Ag-points, we get
Ml +  / 2^ +  3/23 -f M4 +  3/25 +  5/26 =  2 |A sl (4)
2 1 As I =  the number of points of type Ag multiplied by the number of 2 -secants 
through each point of type Ag.
Counting the incidences of 2 -secants with Ag-points, we get
5/2i -j- 5/22 -j- 4/23 +  5/24 -p 4/2g 3/2g =  | Ag | (5)
From these equations we obtain the following:
Since the points of type A2 and points of type A3 of /Ci are coUinear, and the line 
of coUinearity is the 3 -secant of /Ci; therefore, the number of 2 -secants of type N\  
and N 2  is zero, this means =  0* So from equation (3), we get /X3 =  3.
Hence, the equations 1,• • • ,5  becomes as follows:
/^ 4 +  /^ 5 +  Me =  9 (1-a)
2/24 -t- /2g =  3 |A 4 I ( 3 .a )
M4 +  3 m s +  5 /2g  =  2|Ag| -  9 (4.a)
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5/24 +  4/25 -f 3/26 =  | A g |  — 12 (5.a).
C a se  (5 ): Since there are two points of type A4 , then there is at most one 
2 -secant of type N^, this means /24 =  1 or 0 .
(a ): If /24 =  1 , then from equation (3.a), /2g =  4 and from equation (l.a ) , /2g
=  4.
The number of 2-secants of type =  3, the number of 2 -secants of type 
N 4  =  1, the number of 2-secants of type N 5 =  4 and the number of 2-secants of 
type ATg =  4.
From Lem m a 4.2.1, the points of weight 2  are points of types A3 and Ag. Also, 
we have shown in C o r o lla r y  of lem m a 4.2.1, that the other types of point have 
weight 1 .
From Lem m a 3.2.4, if  ^ is a 2-secant of a (6,3)-arc, then there are tw o points of 
weight 2 on i .  In the case of the (6,3)-arc Ki , the 2 -secants of type Y 4 could only 
possibly have one point of weight 2, which is a point of type Ag, and this is a 
contradiction.
Hence, there does not exist such (85,13;f)-arc of type (10,13).
Accordingly, from the above the following theorem is proved:
T h e o r e m  4 .5 .1
There is no (85,13;f)-arc o f type  (10,13) having Im f  =  { 0 ,1 ,2 }  for which the s ix  
po in ts  o f weight 0 form a (6,3)-arc with one 3-secant and having  tw o  points of 
ty p e  A4 . □
C a se  (7 ): In this case, since, the (6 ,3)-arc does not have any point of type A4 ,
therefore, /^4 =  / s^ =  0. From the equations above we obtain /2g =  9.
Let M be a 1 -secant passes through a point of ty p e  2 , therefore, M does not 
contain a point of type A 2 or A3 .
Suppose that on M there are a  points of type Ag, points of type Ag and 7  
points of type A j,
188
C h a p te r  4; T h e  c a s e  o f  ( 6 ,3 ) - a r c
Then; counting the points on M, we get
a  +  +  7  =  9
Counting the intersections of 2-secants with M; we obtain:
2a (3 — Q
Counting the intersections of 0-secants with M; we get
6 a  -f 5^ -f 4 7  =  45
(1)
(2)
(3)
These three equations have the integral solutions listed in T ab le 4 .1 4  which 
shows how the 1-secants which the (6,3)-axc Ki may be classified
T y p e  o f  
1 -seca n t
a P 7
M o 0 9 0
M l 1 7 1
M 2 2 5 2
M s 3 3 3
M 4 4 1 4
T ab le 4 .1 4
Suppose there are Aq 1-secants of type Mq, A% 1-secants of type M i, A2 1 -secants 
of type M 2 , A3 1 -secants of type M3 and A4 1 -secants of type M4 then counting 
the number of 1 -secants through the point of ty p e  2 ; we obtain
Aq +  Ai -f A2 +  As -h A4 =  18 (1)
Counting the incidences of 1-secants with points of type Ag, we obtain:
4 A4 H- 3 A3 -{- 2 A2 -j- Ai =  2ag =  54 (2)
Counting the incidence of 1-secants with the points of type Ag, gives:
A4 +  3 A3 -f- 5 A2 +  7 A3 9Ai =  4ag =  156 (3)
189
C h a p t e r  4: T h e  c a s e  o f  ( 6 ,3 ) - a r c
Counting the incidences of 1-secants with the points of type Aj ,  gives:
4 A4 +  3As -f 2 A2 +  Ai =  6«7 =  72 (4)
Hence, there is only one solution which is;
Aq — 1, A3 =  3, A4 =  1 , A2 =  9 and A% =  4.
From Lem m a 3.2.4, if M  is a 1-secant of (6 ,3 )-arc, then on M  there is on e point 
of weight 2 . In this case, the 1-secants of type M q have no point of weight 2 ,
because this type of 1-secant does not contain a point of type A3 or Ag. This is
a contradiction.
Hence there does not exist such a (85,13;f)-arc of type (10,13).
Accordingly, from the above the following theorem is proved:
T h e o r e m  4 .5 .2
There is no (85,13;f)-arc of typ e  (10,13) having Im f =  { 0 ,1 ,2 }  for which the six 
poin ts o f weight 0 form a (6,3)-arc with one 3-secant and having no point of type  
A 4 . □
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CHAPTER FIVE
(81,12;f)-arcs of Type (9,12) 
for which the number of points 
of weight 0 is 10 in PG(2,9)
C h a p te r  5; M in im u m  ( 8 1 ,1 2 ; f ) - a r c
§ 5 .1  I n tr o d u c t io n
From equation (2.6.11) it follows that a necessary condition for the existence of 
such a (k,n;f)-axc of type (n-3,n) for which /g =  0 is that
8 — (n — 9)^ — (48  — 16lo) (5.1)
should be a square. Before moving to the case of Zg =  10 we briefly discuss the 
case for which Iq <  10.
§ 5 .1 .1  T h e  ca se  o f  /q =  7 , 8 & 9
For the value of Iq — 7, the equation (2.6.10) becomes
2q^ +  (11 -  3n)q +  n^ -  6n -  3 =  0. (5.2)
From equation (5.1) we can get
(n — 9)^ +  64 =
W hence
(a  — ( t i  — 9 ))(ck +  { t i  — 9)) =  64 (5.3)
Considering the factors of 64 there are the possibilities given in Table (5.1.1).
Since (a  — n +  9) +  (a  +  n — 9) =  2 a we only need to consider possibilities in 
which the factors have the same parity. Further we need only list those values for 
which a  and n are non-negative integers, and q is obtained from equation (5.2).
a  — n. -}- 9 2 4 16
a  -f- n — 9 32 16 4
a 17 10 10
n 24 15 3
q 6,11 2
T ab le 5 .1 .1
There is no solution of these compatible with n and a  being non-negative integers
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(5.4)
and with q =  0 m o d  (n  - m ).
Hence there does not exist a (k,n;f)-arc of type (n-3,n), when Iq =  7.
For the value of I q  =  8, the equation (2.6.10) becomes
2q^ -j- (11 — 3 n )q  -|- n^ — 6 n  — 5 =  0
From equation (5.1) we get
(n — 9)^ +  80 =  
whence
(a  — (n — 9))(a  +  (n — 9)) =  32 
Considering the factors of 80  there are the possibilities given in Table (5.1.2).
Since (a  — n +  9) +  (a  +  n — 9) =  2 a  we only need to consider possibilities in
which the factors have the same parity. Also we only list those values for which
a  and n are non-negative integers, and q is obtained from equation (5.2).
a  — n -h 9 2 4 8 10 20
a  -f n — 9 40 20 10 8 4
a 21 12 9 9 12
n 28 17 10 8 1
q 6,11 2
T ab le 5 .1 .2
There is no solution of these compatible with n and a  being non-negative integers 
and with ç =  0 m o d  (n  - m ).
Hence there does not exist a (k,n;f)-arc of type (n-3,n), when I q =  8.
For the value of Iq =  9, the equation (2.6.10) becomes;
2q^ (11 — 3n )q  -F — 6 n  — 7 =  0
And we can rewrite equation (5.1), when Iq =  9, as foUows:
(n -  9)^ + 9 6  =  a^
whence
(a  -  (n -  9 ))(a  +  {n — 9)) =  96 
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Considering the factors of 96 there are the possibilities given in Table (5.1.3). 
Since (a  — n +  9) +  (a  +  n — 9) =  2 a  we only need to consider possibilities in 
which the factors have the same parity. Also we only list those values for which 
a  and n are non-negative integers, and q is obtained from equation (5.2).
a  — n -h 9 2 4 6 8 12 16
a  -f n — 9 48 24 16 12 8 6
a 24 14 11 10 10 11
n 31 19 14 11 7 4
q 15,8 5 8 ,3 5 3
T ab le 5 .1 .3
E .d ’Agostinif^J, we get the following for our case:
(1) 0 <  w  <  1
(2) 4 <  W  <  13
Hence the only solution of these compatible with n and a  being non-negative 
integers and with q =  0 m od  (n -m ) is a  =  11, n  =  4.
An example of this case is the plane of order 3 (PG (2,3)).
§ 5 .1 .2  T h e  ca se  w h ere  th e  n u m b er o f  p o in ts  o f  w e ig h t 0 is 10
In this chapter we discuss (k,n;f)-arcs of type (n-3,n) with Iq =  10 in the plane of 
order 9.
For the value of Iq =  10, the equation (2.6.10) becomes
2q  ^ -h (11 — 3n)ç -f — 6n — 9 =  0 (5.1.2)
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From equation (3.1) we get
(n -  9)^ +  112 =  o? 
whence
(a  — (n — 9))(a  +  (n — 9)) =  112
Considering the factors of 112 there are the possibilities given in Table (5.1.4). 
Since, (a  — n +  9) +  (a  +  n — 9) =  2 a  we only need to consider possibilities in 
which the factors have the same parity. Also we only list those values for which 
a  and n are non-negative integers, and q is obtained from equation (5.1.2).
a  — n +  9 2 4 8 14
a  -h n — 9 56 28 14 8
a 29 16 11 11
n 36 21 12 6
q 34,9 9
T ab le 5 .1 .4
From D ’A gostin iW , we get the following for our case:
(1) 0 <  w  < 3
(2) 90  <  W  <  102
Hence the only solution of these compatible with n and a  being non-negative 
integers and with q =  0 m o d  (n -m ) is a  =  11, n  =  12.
For the maximal case W =  102, and for the minimal case W  =  90. In this chapter 
we discuss the minimum case W  =  9 0 , while the existence of the maximum case 
accordingly to Theorem 2.2.6.
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§ 5 . 2  T h e  m in im a l case  i.e . W  =  90
L em m a  5 .2 .1
Let K  be an (81,12;f)-arc o f type  (9,12), then we have the following:
' V," =  10 ■ [ Vi“2 = 0 '
’ 1 ^ 1 2  — 3 ’
T 9' =  4 . [ 1^1'  = 6 ,
P r o o f
From Lem m a 2.6.1, we have the following:
'V „“_3 =  9 +  1 ' • v;» =  o '
yl  _  2? +  3
*^ n-3 — 2 ► < ^  =  3
=
Putting n =  12 and q =  9, prove the lemma.
(A)
□
From this lemma we can state
C oro llary : No point o f weight 0 lies on any 12-secant.
L em m a  5 .2 .2
For the existence of (81,12;f)-arc K  of type  (9,12), and the poin ts o f weight 0 form  
a conic in PG (2,9), we m ust have the following:
(1) The num ber t \ 2  o f 12-secants o f K  is 27,
(2) The num ber tg o f 9-secants o f K  is 64,
(3) The num ber I2  o f poin ts o f weight 2 is 9,
(4) The num ber I2  of poin ts o f weight 1 is 72.
P r o o f
(1) From equation (2.6.3), tn =  — 3)g,
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in this case (n =  12, q =  9) we obtain t i 2  =  27.
(2) From equation (2.6.4), =  |(3g^ +  6g -  nç +  3),
in our case, we obtain tg =  64.
(3) From equation (2.6.7), Z2 =  — 3)(n — q — 1), 
in our case, Z2 =  9.
(4) From equation (2.6.8), /i =  (n — 3){2q +  2 — n),
in our case, we obtain li =  72. □
§ 5 .2 .1  T h e  c h a ra c te r isa tio n  o f  th e  lin e s  o f  P G (2 ,9 )  w ith  re sp e c t  
to  th e  (8 1 ,1 2 ;f)-a r c  o f  ty p e  (n -3 ,n )  w ith  Z3  =  0
N o ta t io n
It is clear that no more than five points of weight 0 are coUinear.
Let L be a 9-secant having 2 points of weight 0 and suppose that on L are a  
points of weight 2 and points of weight 1 then,
a  +  j3 =  q — 1 =  S 
2a -j- /3 =  n — 3 =  9
so  a  =  1 an d  /3 =  7
Let M be a 9-secant having 1 point of weight 0 and suppose that on M are a± 
points of weight 2 and /3i points of weight 1 then,
a i  +  Pi =  q =  9 
2ai Pi =  71 — 3 =  9
so  « 1  =  0 an d  Pi =  9.
Let N be a 9-secant having 3 points of weight 0 and suppose that on N are a  
points of weight 2 and P points of weight 1 then,
a-f-/5  =  ç — 2 =  7 
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2a =  n — 3 =  9
so  a  =  2 an d  P =  6.
Let R be a 9-secant having 4 points of weight 0 and suppose that on R are a% 
points of weight 2 and Pi points of weight 1 then,
OLi -\- Pi =  q — 3 =  6
2 a i  Pi =  n  — 3 =  9
so  a i  =  3 an d  Pi =  3.
Let F be a 9-secant having 5 points of weight 0 and suppose that on F are a
points of weight 2 and P points of weight 1 then
a -h /?  =  g — 4 =  5
a - f /?  =  n — 3 =  9
so  a  =  4 an d  P =  1
Let Y be a 12-secant of (81,12;f)-arc K, since there are no points of weight 0 on 
a 12-secant then there are only points of weight 2 and points of weight 1, and 
suppose that on Y there are 7  points of weight 2 and 8 points of weight 1 then
7  -f  ^ =  1 0
2 7  4- f  =  12
so  7  =  2  an d   ^=  8 .
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T y p e  o f  
th e  lin e
P o in t o f  
w eig h t 0
P o in t o f  
w eig h t 1
P o in t o f  
w eig h t 2
L\2 0 8 2
L \ 1 9 0
L \ 2 7 1
L \ 3 5 2
L \ 4 3 3
L \ 5 1 4
T ab le  (5 .2 )
T h e o r e m  5 .2 .3  : No ûve poin ts o f weight 0 can be coUinear.
P r o o f  :
Suppose that there is a 9-secant r on which lie five points of weight 0. Then the 
other points on r are four points of weight 2, and one point, P, of weight 1. 
Through P there pass three 12-secants on each of which lie two points of weight 
2 .
Hence there are at least ten points of weight 2, which is a contradiction. □
Hence we have proved the following lemma 
L em m a  5 .2 .4
The lines o f P G {2 ,9) are partitioned  in to  five classes w ith respect to  a m inimal 
(81,12;f)-arc o f typ e  (9,12) as foUows :
(1) L i 2 which contains two poin ts o f weight 2, eight poin ts o f weight 1 and no 
poin t o f weight 0.
(2) L \ which contains one poin ts o f weight 0, nine poin ts o f weight 1 and no point 
of weight 2.
198
C h a p t e r  5: M in im u m  ( 8 1 ,1 2 ; f ) - a r c
(3) L \ which contains two poin ts o f weight 0, eight po in ts o f weight 1 and one 
poin t o f weight 2.
(4) Lg which contains three poin ts o f weight 0, £ve  poin ts o f weight 1 and two  
poin ts o f  weight 2
(5) L \ which contains four poin ts o f weight 0, three poin ts o f weight 1 and three 
poin ts o f weight 2.
C o ro lla ry
There is no poin t o f weight 2 on the 1-secant o f (k,n)-arc (n  >  2) form ed by  the  
poin ts o f weight 0.
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§5.3 T h e  ca se  in  w h ich  th e  p o in ts  o f  w eigh t 0 form  a 10-arc
The set of 10 points forming a 10-arc in P G {2 ,9) is a conic.
From §1.7 one of the sets of ten points in P G {2 ,9 )  which form a non-singular 
conic is
C =  | p ( t )  =  P  ( l ,  i )  : t  e  G F (q ) | U { « , } .
Hence the equation of the conic is x y  -f 2a^xz 4- 2 a y z  =  0, and the points of this 
conic are, for t =  o o ,a ,0 ,l ,2 ,a ^ ,2 a ,2 a ^ ,2 a ^ ,a ^  respectively
(1) P ( l )  =  (1 ,0 ,0 )  (2) P (2) =  (0 ,1 ,0 ) (3) P (3 ) =  (0 ,0 ,1 )
(4) P (72) =  (1 ,1 ,1 )  (5) P (76) =  (1 ,4 ,2 ) (6) P (69) =  (1 ,3 ,4 )
(7) P (85) =  (1 ,5 ,7 )  (8) P (30) =  (1 ,8 ,3 )
(9) P (33) =  (1 ,2 ,5 )  (10) P (7) =  (1 ,7 ,6 )
It is weU-known [6] that the points not on C are partitioned into the two sets E , 
of exterior points, through each of which pass exactly two tangents to C and I, of 
interior points, through each of which pass no tangents to C .
From Lem m a 3.6.1,
(1) There are 45 exterior points of C .
(2) There are 36 interior points of C .
(3) Through an exterior point there passes four 2-secants,
two 1-secants and four 0-secants of C .
(4) Through an interior point are five 2-secants and five 0-secants of C .
L em m a  5 .3 .1
There is no poin t o f weight 2 o f an (81,12;f)-arc K  o f type  (9,12), when the poin ts  
of weight 0 form a conic in PG (2,9).
P r o o f
There are two types of points with respect to the conic C , either 
an external point to C (E-point) or an internal point to C (I-point)
2 0 0
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Suppose that P is an E-point having weight 2; from Lem m a 3.6.1, through 
an E-point there pass four 2-secants, four 0-secants and two 1-secant.
But Table 5.2, shows that there is no 1-secant that passes through a point of 
weight 2.
Therefore, P cannot be a point of weight 2.
Suppose that Q is an I-point and having weight 2, from Lem m a 3.6.1, through 
an I-point there pass five 2-secant and five 0-secant.
Table 5.2, shows that all the 0-secants of the conic are 12-secants of K.
This means that Q is a point of weight 2 and passing through it five 12-secants 
and five 9-secants, which contradict Lem ma 5.2.1, which shows that through  
a point of weight 2 there pass six 12-secants and four 9-secants.
Therefore, Q cannot be a point of weight 2. □
From this lemma we deduce the following theorem:
T h e o r e m  5 .3 .2
There is no (81,12;f)-arc o f type  (9,12) in P G (2 ,9 ), where the po in ts o f weight 0 
form a 10-arc (conic). □
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§5.4 T h e  ca se  in  w h ich  th e  p o in ts  o f  w eigh t 0 form  a (1 0 ,3 )-a r c
In this section we will construct an example of an (81,12;f)-arc of type (9,12), 
when the points of weight 0  form a (1 0 ,3 )-arc in PG (2 ,9 ).
Firstly we begin with some results on (10,3)-arcs. From Lem m a 1.8.1, we obtain  
the following equation:
n  =  — — ^ — — +  3(q^ +  q +  1 -  To) (5.4.1)
T2 =  k(3q — k +  4) — 3(q^ +  q +  1 — tq) (5.4.2)
Ts =  — — ^ — — +  (q  ^ +  q +  1 -  To) (5.4.3)
where r» is the number of i-secant of (k,3)-arc.
L em m a  5 .4 .1
The num ber tq o f 0-secants of the (10,3)-arc formed by the poin ts o f weight 0 is 
27.
P r o o f
From Table 5.2, the 1 2 -secants of the (81,12;f)-arc K are 0 -secants of the
(10,3)-arc.
Now, Lem m a 5.2.2, shows that the number of 1 2 -secant of K is 27, therefore 
To =  27. □
Putting k =  1 0 , q =  9 and tq =  27 in equations (5.4.1), (5.4.2) and (5.4.3), we 
obtain the following:
n  =  37, T2 =  18 and ts =  9.
Hence we have proved the following lemma
2 0 2
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L em m a  5 .4 .2
The po in ts o f  weight 0 form  a (10j3)-arc k  having tq =  27, T% =  37, T2  = 1 8  and  
Ts =  9.
C o ro lla ry
The poin ts o f weight 2 form 9-arc, when the poin ts o f weight 0 form a (10,3)-arc 
in PG (2,9),
Let P  Ei K., and suppose that through P there pass a  3-secants, p  2 -secants and 
7  1-secants, then by using the equations (4) and (5) of Lem m a 1.8.1, we obtain
a +  /? +  7 =  10 (1)
2 a +  13 =  9. (2)
The possible solutions of these equations axe listed in the following table
T y p e  o f
th e  p o in t a 7
ty p e  1 4 1 5
ty p e  2 3 3 4
ty p e  3 2 5 3
ty p e  4 1 7 2
ty p e  5 0 9 1
T able 5 .4 .1
Let Q ^ K, and suppose that through Q there pass a  3-secants, ^  2 -secants , 7
1-secants and 6 0 -secants. Then, by using the equation (6 ) and (7) of Lem m a  
1.8.1, we get
a - h ^  +  7  +   ^ =  10 
3a -h 2y5 -|- 7  =  10
The possible solutions of these equations are listed in the following Table:
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T y p e  o f  
th e  p o in t at /? 7 6
A i 3 0 0 7
A 2 2 2 0 6
A s 2 1 2 5
A 4 2 0 4 4
A 5 1 3 1 5
A a 1 2 3 4
A t 1 1 • 5 3
A s 1 0 7 2
A g 0 5 0 5
A i o 0 4 2 4
A l l 0 3 4 3
A i 2 0 2 6 2
A i s 0 1 8 1
A i 4 0 0 1 0 0
T able 5 .4 .2
L em m a  5 .4 .3
Through  a poin t o f weight 2 there passes two 3-secants, two 2-secants and six  
0-secants o f a (10,3)-arc k , i.e. the point is o f type  A2 .
P r o o f
From Lem m a 5.2.3, the 1 -secants of the (10,3)-axc formed by the points of weight 
0 do not pass through any point of weight 2. From Table 5.4.2, the only types of 
point through which there does not pass any 1 -secant is a point of type A 2 , A i 
and Ag. But Lem m a 5.2.1, shows that the number of 12-secants of (81,12;f)-arc 
through a point of weight 2  is 6 .
And by Lem m a 5.4.1, the 0 -secants of (10,3)-arc is 12-secant of (81,12;f)-arc. 
Hence the only type of point satisfy these condition is a point of type A 2 . □
204
C h a p t e r  B; M in im u m  ( 8 1 ,1 2 ; f ) - a r c
L em m a  5 .4 .4
The po in ts o f weight 1 o f the (81,12;f)-arc K  are poin ts o f types A j and A n  with  
respect to  the (10,3)-arc.
P r o o f
From Lem m a 5.2.1 the number of 1 2 -secants through a point of weight 1 is 3, and 
from Lem m a 5.4.1 every 0-secant of the (10,3)-arc is a 1 2 -secant of K; then the 
only type of point of the (10,3)-arc having exactly three 0-secants are points of 
types A7 and A n  (see Table 5.4.2). □
C o ro lla ry
For the existence o f an (81jl2;f)-arc K  of type (9,12), there are only three types  
of po in ts w ith  respect to  the (10,3)-arc.
Suppose there are a i  points of type A 2 , points of type A^ and 71  points of 
type A n -  Using equation (9) of Lem m a 1.8.1, for the Table 5.4.2, we obtain the 
following:
2ol\ “h / i^ =  (ç 1 — 3)73  =  63
20=1 +  fil +  371  =  (ç H- 1 — 2)t2 =  144
5/?i -h 471  =  {q +  1 — 1 )ti =  333.
Therefore, the solution of these equations is a i  =  9, /?i =  45 and 71  =  27
Hence we have proved the following lemma:
L em m a  5 .4 .5
There is a (10,3)-arc w ith three types of poin ts A 2 , A j and A n  In P G (2,9). 
Hence we proved the following theorem:
T h e o r e m  5 .4 .6
There is an (81,12;f)-arc o f typ e  (9,12) in PG(2 , 9 )  when the poin ts o f weight 0 
form a (10,3)-arc. □
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§5.5 T h e  ca se  in  w h ich  th e  p o in ts  o f  w eig h t 0 fo rm  a  (1 0 ,4 )-a r c
In this section we will construct an example of an (81,12;f)-arc K of type (9,12), 
when the points of weight 0  form a (10,4)-arc in PG (2 ,9 ).
L em m a  5 .5 .1
The po in ts o f weight 2 form  a (9,3)-arc when the poin ts o f weight 0 form  a
(10,4)-SLrc in PG (2,9).
P r o o f
This follows from Table 5.2. □
L em m a  5 .5 .2
The po in t P  o f intersection of two 9-secants of typ e  Lg, m% and  m 2 o f K  is a 
poin t o f  weight 0 with respect to K .
P r o o f
Suppose that P i s a  point of weight 2  with respect to K. It is shown in Table 5.2 
there are tw o  points of weight 2 on a 9-secant of type Lg.
From Lem m a 5.2.1 through P there pass six 1 2 -secants of K, on each there are 
two points of weight 2, one of them is P and there are other six on each 
1 2 -secant of K through P; therefore the number of points of weight 2  is 1 1 , which 
is a contradiction.
Suppose that P i s a  point of weight 1 with respect to K. It is show in Table 5.2 
there are tw o points of weight 2 on a 9-secant of type Lg.
From Lem m a 5.2.1 through P there pass three 1 2 -secants of K, on each there are 
two points of weight 2 ; therefore the number of points of weight 2  is 1 2 , which is 
a contradiction.
Hence the lemm a is proved. □
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From Lem m a 5.4.1, if a (k,n;f)-arc K exists, then we have tq =  27.
Firstly we begin with some results on (10,4)-arcs. From Lem m a 1.8.1, the 
following equations are obtained:
n  +  T"2 +  T3 +  T4 =  64 (1)
T% -f- 2 t 2 +  3 t 3 -|- 4 t4 =  1 0 0  ( 2 )
2t2 +  6 r  +  12x4 =  90. (3)
From (1) & (2), we get
T2 +  2x3 "h 3x4 =  36 (4)
And equation (3) becomes
X2 +  3x3 -f- 6 x4 =  45 (5)
From (4) & (5) the following is obtained:
X3 +  3x4 =  9 (6 )
This means that X4 <  3.
Let Q ^ K, and suppose that through Q there pass a  4-secants, P 3-secants , 7
2 -secants, 8 1 -secants and A 0 -secants. Then, by using the equation (6 ) and (7)
of Lem m a 1.8.1,
a  +  ^  +  j  +  8  +  X  =  1 0  (1)
4a  -f 3^ -f 2 7  -h  ^ =  10. (2)
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The possible solutions of these equations are listed in the following Table:
T y p e  o f  
th e  p o in t a (3 -  7 6 A
Ai 2 0 1 0 7
A2 2 0 0 2 6
As 1 2 0 0 7
A 4 1 1 1 1 6
As 1 1 0 3 5
Ae 1 0 3 0 6
A t 1 0 2 2 5
As 1 0 1 4 4
Ag 1 0 0 6 3
Aio 0 3 0 1 6
A ll 0 2 2 0 6
A i 2 0 2 1 2 5
Ais 0 2 0 4 4
A i 4 0 1 3 1 5
A is 0 1 2 3 4
Aie 0 1 1 5 3
A it 0 1 0 7 2
Ais 0 0 5 0 5
Aig 0 0 4 2 4
A20 0 0 3 4 3
A21 0 0 2 6 2
A22 0 0 1 8 1
A23 0 0 0 10 0
T able 5 .5 .1
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L em m a  5 .5 .3
( 1 ) The po in ts o f weight 2 o f an (81,12;f)-arc K  are 
po in ts o f  typ e  Ag and  A n  with respect to  the (10,4)-arc k .
( 2 ) The po in ts o f weight 1 o f an (81,12;f)-arc K  are
po in ts o f ty p e  Ag, Aig, A20 and A23 with respect to  the (10,4)-arc k .
P r o o f
( 1 ) From Lem m a 5.2.1 through a point of weight 2 there pass six 12-secants 
of K which are 0-secants of k , and four 1 0 -secants of K which are i-secants of /c, 
i ^  0, 1.
From the corollary o f Lem m a 5.2.4  there is no point of weight 2  on a 1-secant 
of K. Hence the only type of points of /c, which satisfy these conditions are the 
points of type Ag and A n  (as in Table 5.5.1).
( 2 ) From Lem m a 5.2.1 through a point of weight 1 there pass three 12-secants 
of K which are 0 -secants of /c, and seven 1 0 -secants of K which are i-secants of k , 
t ^  0.
Hence the only types of points of k , which satisfy these conditions are the points 
of type Ag, A ig, A20 and A23 (as in Table 5.5.1).
Hence the lemm a is proved. □
L em m a  5 .5 .4
The condition for the existence of an (81,12;f)-arc K is that the number of points 
of type Ag and A n  is equal to 9.
P r o o f
From Lem m a 5.2.3, the number of points of weight 2 is equal to 9. And by 
Lem m a 5.5.3, it is known that the points of weight 2  are points of type Ag and 
A n  with respect to k . Hence Ag -f- A n  = 9 .  □
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From Lem m a 5.5.3, the points of the (10,4)-arc formed by the points of weight 0 
are listed in the following Table:
T y p e  o f
th e  p o in t a p 7 6 A
A e 1 0 3 0 6
A g 1 0 0 6 3
A l l 0 2 2 0 6
A ie 0 1 1 5 3
A 20 0 0 3 4 3
A 23 0 0 0 10 0
T ab le 5 .5 .2
T h e o r e m  5 .5 .5  : No four poin ts o f weight 0 can be coUinear.
P r o o f  :
Suppose that there is a 9-secant r on which lie four points of weight 0. Then 
the other points on r are three points of weight 2, and three points of weight 1 
(T ab le  5 .2 ).
Suppose that P one of the points of weight 1 on r, through P there pass seven 
9-secants (Lem m a 5.2.1) on each of which lie at least one point of weight 0 which 
can not lie on r.
Hence the number of points of weight 0 Iq >  11, which is a contradiction. □ 
Hence we have proved the following theorem:
T h e o r e m  5 .5 .6
There is no (81,12;f)-arc o f type  (9,12) in PG{2 , 9)  when the po in ts o f weight 0 
form a (10,4)-arc. □
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A PPENDEXI
THE PROGRAM A
Program A was written for finding the projectively distincts (k,3)-arcs and 
distinct (k,3)-arcs under collineation in PG(2,9), k > 5. Program A can 
also used to determine the group G(K) of any (k,3)-arc K in PG(2,9).
This program is written in Pascal, and it contains a main segament and 11 
Procedures. The arithemtic of program A was explained in section 4.2.
Remarks on program A
(1) As in section 1.5, the numbers 0, 1, 2, 3, 4, 5, 6, 7, 8 are used 
respectively instead of the elements 0 , 1 , 2 ,  a , 2a , a^, 2a^, a^, 2a^ of 
the field GF(9).
(2) The points 1 , 2 , 3 ,  72 were chosen to be the first four points of every 
(k,3)-arcs, where k = 5 and 6.
(3) ADD is the addition table of elements of GF(9).
Mul is the multiplication table of elements of GF(9).
(4) Procedure inverse find the inverse of 3 x 3 non-singular matrix. 
Procedure det calculate the determinate of a 3 x 3 matrix. 
Procedure lambda puts all the points of a (k,3)-arcs into the same
form.
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PRQ.GBAMA
PROGRAM DUMMY(INPUT,SAL41AFAH1IAFAH1,DATA,DATAI,OUTPUT);
TYPE ABBAS=ARRAY[0..8] OF INTEGER;
SCH = ARRAY[0..8] OF ABBAS;
MAT1= ARRAY[0..2] OF INTEGER;
MAT3= ARRAY[0..2] OF MATl;
M ATll=ARRAY[l..ll] OF MATl;
MAT15=ARRAY[5..15] OF MATl;
VAR ADD,MUL:SCH;
CONiBOOLEAN;
YI:matl5;
DATA1,DATAJIAFAH,RAFAH1,SAL:TEXT;
SSpl,F2,G,XXl,Al,A5,A3,A4,C4,A,B,X,Y:MAT3;
Rl,Sl,YYJ,RJf,Cl,Y4,X4,A10,A2,C,R:MATI;
N,I,J,IDT,INDEX:INTEGER;
FUNCTION EQUAL(A,B:MAT1):B00LEAN;
BEGIN
IF (A[0]=B[0]) AND (A[1]=B[1]) AND (A[2]=B[2]) THEN 
EQUAL := TRUE 
ELSE 
EQUAL := FALSE;
END;
PROCEDURE ADDITI0N(VAR ADD,MUL:SCH);
VAR I,J:INTEGER;
BEGIN 
FOR I:=0 TO 8 DO 
BEGIN
FOR J:=0 TO 8 DO 
READ(DATA,ADD[I,J]);
READLN(DATA);
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END;
READLN(DATA);
FOR I:=0 TO 8 DO 
BEGIN
FOR J:=0 TO 8 DO 
READ(DATA,MUL[I,J]);
READLN(DATA);
END;
END;
PROCEDURE PRINT(VAR ADD:SCH);
VAR I J:INTEGER;
BEGIN 
FOR I:=0 TO 8 DO 
BEGIN
FOR J:=0 TO 8 DO 
WRITE(DATA1,ADD[U]:5);
WRITELN(DATAl);
END;
END;
PROCEDURE MUL3(A1:MAT3;A2;MAT1; ADDMULiSCH; VAR CiMATl); 
VAR UrINTEGER;
BEGIN 
FOR I:=0 TO 2 DO 
C[I]:=0;
FOR J:=0 TO 2 DO 
FOR I:=0 TO 2 DO 
C[J]:= ADD[MUL[A1[J,I],A2[I]],C[J]];
END;
PROCEDURE MUL33(A1,A2:MAT3; ADD,MUL;SCH; var C;MAT3);
VAR U,K:INTEGER;
BEGIN 
FOR I:=0 TO 2 DO 
FOR J:=0 TO 2 DO 
C[I,J]:=0;
FOR K;=0 TO 2 DO
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FOR J:=0 TO 2 DO 
FOR I:=0 TO 2 DO
C[I,K]:= ADD[MUL[A1[I,J],A2[J,K]],C[I,K]];
END;
PROCEDURE MULTMAT(VAR A1:MAT3; VAR A2:MAT1);
VAR I,J:INTEGER;
BEGIN 
FOR J := 0 T O 2 D O  
BEGIN
WRITELNC PLEASE ENTER THREE NUMBERS’);
FOR I:= 0 TO 2 DO 
READ(A1[I,J]);
READLN;
END;
WRITELNCPLEASE ENTER THE NEXT MATRIX OF ONLY 3 NUMBERS'); 
READLN(A2[0],A2[1],A2[2]);
END;
PROCEDURE MULTMAT3(VAR A1,A2;MAT3);
VAR I,J:INTEGER;
BEGIN 
FOR J:= 0 TO 2 DO 
BEGIN
WRITELNC PLEASE ENTER THREE NUMBERS');
FOR I;= 0 TO 2 DO 
READ(A1[U]);
READLN;
END;
WRITELNC PLEASE ENTER THE NEXT MATRIX');
FOR J:= 0 TO 2 DO 
BEGIN
WRITELNC PLEASE ENTER THREE NUMBERS');
FOR I:= 0 TO 2 DO 
READ(A2[I,J]);
READLN;
END;
END;
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PROCEDURE DIG(C:MAT1; VAR C1:MAT3);
VAR IJ:INTEGER;
BEGIN
FOR I:= 0 TO 2 DO 
FOR J:= 0 TO 2 DO 
IF (I = J) THEN 
C1[I,J]:= C[I]
ELSE 
C1[I,J]:= 0;
END;
PROCEDURE LAMBDA(VAR A1,A2:MAT1; I:INTEGER;MUL;SCH);
VAR K:INTEGER;
BEGIN
K:=0;
IF (A1[I]=0) AND (I<2) THEN 
LAMBDA(A1 ,A2,I+1 ,MUL)
ELSEIFA1[I]=0 THEN 
LAMBDA(A1 ,A2,2,MUL)
ELSEIFA1[I]=2 THEN 
FOR K;=I TO 2 DO 
A2[K]:=MUL[A1[K],2]
ELSE IF A1[K]=3 THEN 
FOR K:=I TO 2 DO 
A2[K]:=MUL[A1[K],8]
ELSE IF A1[I]=4 THEN 
FOR K:=I TO 2 DO 
A2[K];=MUL[A1[K],7]
ELSE IF A1[I]=5 THEN 
FOR K:=I TO 2 DO 
A2[K]:=MUL[A1[K],6]
ELSEIFA1[I]=6 THEN 
FOR K:=I TO 2 DO 
A2[K]:=MUL[A1[K],5]
ELSE IF A1[I]=7 THEN 
FOR K;=I TO 2 DO 
A2[K]:=MUL[A1[K],4]
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ELSE IF A1[I]=8 THEN 
FOR K;=I TO 2 DO 
A2[K]:=MUL[A1[K],3];
END;
PROCEDURE WR(A,B:MAT3);
BEGIN
WRITELN(SAL);
WRITELN(SAL,A[0,0],’ ’,A[0,1],’ ’,A[0,2],T,
B[0,0].' ',B[0,1]; ’,B[0,2]); 
WRITELN(SAL,A[1,0],' ’,A[1,1],’ ',A[1,2],T,
B[1,0],’ ’,B[1,1],’ ’,B[1,2]); 
WRITELN(SAL,A[2,0],' ’,A[2,1],' ’,A[2,2],T,
B[2,0],’ ’,B[2,1],' ’,B[2,2]);
END;
PROCEDURE INVERSE(A:MAT3; VAR B:MAT3);
LABEL 40,90,140,10,80,100,111;
VAR I,II,III,J,JJJ,JJ,NG,NM,NN,IM,ll,lI,kj,lk,MMM,C:INTEGER; 
BEGIN 
NG:=1;
B[0,0]:=1; B[0,1]:=0; B[0,2];=0;
B[1,0]:=0; B [l,l];= l; B[l,2];=0;
B[2,0]:=0; B[2,l]:=0; B[2,2]:=l;
FOR I:=0 TO 2 DO 
BEGIN 
IF A[I,0]=0 THEN GOTO 40;
GOTO 10;
40: END;
111: NG:=0;
GOTO 90;
10: FOR I:=0 TO 2 DO 
BEGIN
NN:=1;
IF A[I.0]=3 THEN NN:=8;
IF A[I,0]=4 THEN NN:=7;
IF A[I,0]=5 THEN NN:=6;
IF A[I,0]=6 THEN NN:=5;
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IF A[I,0]=7 THEN NN:=4;
IF A[I,0]=8 THEN NN;=3;
IF A[I,0]=2 THEN NN:=2;
FOR J:=0 TO 2 DO 
BEGIN 
A[I,J]:=MUL[A[I,J],NN]; 
B[I,J]:=MUL[B[I,J],NN];
END;
END;
IF A[0,0]=1 THEN GOTO 80;
FOR II:=0 TO 2 DO 
BEGIN
A[0,II]:=ADD[A[0,II],A[1,II]];
B[0,II]:=ADD[B[0,II],B[1,II]];
END;
IF A[0,0]=1 THEN GOTO 80;
FOR III;=0 TO 2 DO 
BEGIN
A[0,III]:=ADD[A[0,III],A[2,III]];
B [0,111] :=ADD [B [0,111] ,B [2,111]] ;
END;
80: FOR II:=1 TO 2 DO 
BEGIN 
C;=MUL[2,A[II,0]];
FOR J:=0 TO 2 DO 
BEGIN
A[II,J]:=ADD[A[II,J],MUL[C,A[0,J]]];
B[II,J]:=ADD[B[II,J],MUL[C,B[0,J]]];
END;
END;
IF A [l,l]o O  THEN GOTO 100;
IF A[2,l] =0 THEN GOTO 111;
FOR J:=0 TO 2 DO 
BEGIN
A[1,J]:=ADD[A[1,J],A[2,J]];
B[1,J]:=ADD[B[1,J],B[2,J]];
END,
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100: IF A [l,l]= l THEN GOTO 140;
NM:=1;
IF A[l,l]=3 THEN NM:=8;
IF A [l,l]=4 THEN NM:=7;
IF A [l,l]=5 THEN NM:=6;
IFA[1,1]=6 THEN NM:=5;
IF A [l,l]=7 THEN NM:=4;
IF  A [l,l]=8 THEN NM:=3;
IFA[1,1]=2THEN NM:=2;
FOR JJ:=0 TO 2 DO 
BEGIN 
A[1,JJ]:=MUL[A[1,JJ],NM];
B [ 1, J J] :=MUL[B [ 1, J J] ,NM] ;
END;
140: LL:=MUL[2,A[0,1]];
LI:=MUL[2,A[2,1]];
FOR JJJ:=0 TO 2 DO 
BEGIN
A[0,JJJ]:=ADD[A[0,JJJ],MUL[LL,A[ljjj]]]; 
B [0 JJJ] :=ADD[B [0,JJJ] ,MUL[LL,B [1 ,J JJ]]] ; 
A[2,JJJ]:=ADD[A[2,JJJ],MUL[LI,A[1JJJ]]]; 
B[2,JJJ]:=ADD[B[2,JJJ],MUL[LI.B[1JJJ]]];
END;
IF A[2,2]=0 THEN GOTO 111;
IM:=1;
IF A[2,2]=3 THEN IM:=8;
IF A[2,2]=4 THEN IM:=7;
IF A[2,2]=5 THEN IM:=6;
IF A[2,2]=6 THEN IM:=5;
IF A[2,2]=7 THEN IM:=4;
IF A[2,2]=8 THEN IM:=3;
IF A[2,2]=2 THEN IM:=2;
FOR III:=0 TO 2 DO 
BEGIN 
A[2,III]:=MUL[A[2,III],IM]; 
B[2,III]:=MUL[B[2,III],IM];
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END;
LK;=MUL[2,A[0,2]];
KJ:=MUL[2,A[1,2]];
FOR MMM;=0 TO 2 DO 
BEGIN
A[0,MMM]:=ADD[A[0,MMM],MUL[Lk,A[2,MMM]]]
A[1,MMM]:=ADD[A[1,MMM],MUL[KJ,A[2,MMM]]]
B[0,MMM]:=ADD[B[0,MMM],MUL[LK,B[2,MMM]]]
B[1,MMM]:=ADD[B[1,MMM],MUL[KJ,B[2,MMM]]];
END;
90: END;
PROCEDURE WR31(A:MAT1);
BEGIN
WRITELN(SAL,x=,A[0]:i;y = ',A [l]:l,’z =’,A[2]:1);
END;
PROCEDURE DET(A:MAT3; VAR IDT.TNTEGER);
VAR DP1,DP2,DP3,S1,S2,S3:INTEGER;
BEGIN;
DP1:=MUL[A[2,1],A[1,2]];
DP1:=MUL[DP1,2];
S1:=MUL[A[1,1],A[2,2]];
S1:=ADD[S1,DP1];
DP1:=MUL[A[0,0],S1];
DP2:=MUL[A[1,2],A[2.0]];
DP2:=MUL[DP2,2];
S2:=MUL[A[1,0],A[2,2]];
S2:=ADD[S2,DP2];
DP2:=MUL[A[0,1],S2];
DP3:=MUL[A[1,1],A[2,0]];
DP3:=MUL[DP3,2];
S3:=MUL[A[1,0],A[2,1]];
S3:=ADD[S3,DP3];
DP3:=MUL[A[0,2],S3];
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IDT:=ADD[DP1,ADD[MUL[2,DP2],DP3]];
END;
BEGIN
N:=0;
RESET(RAFAH1);
REWRITE(SAL);
RESET(DATA);
ADDITION(ADD,MUL);
W HILE NOT E0F(RAFAH1) DO 
BEGIN 
N :=  N+1;
WRITELN(SAL,'NUMBER*,n:4);
READ(RAFAH1,X[0,0],X[1,0],X[2,0])
READ(RAFAH1,X[0,1],X[1,1],X[2,1])
READ(RAFAH1,X[0,2],X[1,2],X[2,2])
READ(RAFAH1,X4[0],X4[1],X4[2]);
READLN (RAFAHl);
FOR I:= 1 T 0  11D 0 
FOR J:=0 TO 2 DO 
BEGIN
READ(RAFAH 1 ,xl[l, J]);
END;
READLN (RAFAHl);
RESET(RAFAH);
WRITELN(SAL '********************'); 
W HILE NOT EOF(RAFAH) DO 
BEGIN
READ(RAFAH,Y[0,0],Y[1,0],Y[2.0]);
READ(RAFAH,Y[0,1],Y[1,1],Y[2,1]);
READ(RAFAH,Y[0,2],Y[1,2],Y[2.2]);
READ(RAFAH,Y4[0],Y4[1],Y4[2]);
FOR I:= 5 TO 15 DO 
FOR J := 0 T O 2 D O  
BEGIN 
READ(RAFAH,YI[I,J]);
2 2 0
END;
READLN (RAFAH);
DET(Y,IDT);
IF IDT <> 0 THEN 
BEGIN 
INVERSE(Y,B);
INVERSE(X,G);
MUL3(G,X4,ADD,MUL,F);
DIG(F,F1);
INVERSE(F1,F2);
MUL33(F2,B,ADD,MUL,SS);
MUL3(SS,Y4,ADD,MUL,C);
DIG(C,XX1);
DET(XX1,IDT);
IF IDT <> 0 THEN 
BEGIN
MUL33(Y,XX1,ADD,MUL,A1);
DETT(A1,IDT);
IF IDT <> 0 THEN 
I:=l;
WHILE (I<=11) DO 
BEGIN
S1[0]:=XI[I.0];S1[1]:=XI[I,1];S1[2]:=XI[I,2];
MUL3(A 1 ,S 1, ADD.MUL, Y YJ);
RJ[0]:=YYJ[0]; RJ[1]:=YYJ[1]; RJ[2]:=YYJ[2]; 
INDEX;=0;
LAMBDA(RJ,RJ,INDEX,MUL);
J:=5;
WHILE (J<=15) do 
BEGIN
R1[0]:=YI[J,0];RI[1]:=YI[J,1];R1[2]:=YI[J,2]; 
IF (EQUAL(RJ JU)) THEN 
BEGIN 
ST0RE[I];=R1;
J:=1000;
END
ELSE
J:=J+1;
2 2 1
END;
IF J=1000 THEN 
I:=I+1 
ELSE 
I:=2000;
END;
IF Io 2 0 0 0  THEN 
BEGIN 
FOR I:=5 TO 15 DO 
WR31(ST0RE[I]); 
WRITELN(SAL,"); 
WR(Y,A1); 
WRITELN(SAL,"); 
WRITELN(SAL,"); 
WR31(RJ);
END;
END;
END;
END;
END;
END.
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PRQGRAM-B
PROGRAM PERMUTE (INPUT.OUTPUT, SAL,RAFAHJIAFAH1,DATA,DATA1);
CONST MIN = 1; TARGET = 5; MAX = 15;
TYPE ABBAS=ARRAY[0..8] OF INTEGER;
SCH = ARRAY[0..8] OF ABBAS;
MATl = ARRAY[0..2] OF INTEGER;
MAT3 = ARRAY[0..2] OF MATl;
TYPE RANGE = MIN .. MAX;
RANGESET = SET OF RANGE;
STRINGTYPE = PACKED ARRAY [1..5] OF CHAR;
VAR ADD,MUL:SCH;
DATA 1 ,DATAHAFAH,RAFAH1 ,S ALiTEXT;
A1,A5:MAT3;
A10,A2:MAT1;
N,I,IDT,INDEX:INTEGER;
VAR RESULTS: ARRAY [RANGE] OF RANGE;
VECTOR: ARRAY [RANGE] OF STRINGTYPE;
VALUE VECTOR := (T 1 O', T 4 O', '0 1 7’, '0 1 2', '1 8 8', '1 2 2', '1 5 2',
T 6 7', '1 3 r ,  '1 0 4', '1 7 5', '1 4 6', '1 1 3’,'1 5 l ', 'l  0 7');
FUNCTION VAL (C: CHAR): INTEGER;
BEGIN
VAL := ORD (C) - ORD ('0')
END; { VAL ]
FUNCTION COLLINEAR (SI, S2, S3: STRINGTYPE): BOOLEAN;
VAR M: MAT3; DETERMINANT: INTEGER;
BEGIN
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M [0,0]:=  VAL (SI [1]);
M [0,1] := VAL (SI [3]);
M [0,2] := VAL (SI [5]);
M [1,0] := VAL (S2 [1]);
M [l ,l]  := VAL (S2 [3]);
M [1,2] := VAL (S2 [5]);
M [2,0] := VAL (S3 [1]);
M [2,1] := VAL (S3 [3]);
M [2,2] := VAL (S3 [5]);
DET (M, DETERMINANT);
COLLINE AR := DETERMINANT = 0 
END; { COLLINEAR )
PROCEDURE RECURSE (LEVEL: RANGE; SOURCE: RANGESET); 
VAR I: RANGE;
BEGIN
IF LEVEL = TARGET
THEN IF COLLINEAR (VECTOR [RESULTS [1]],
VECTOR [RESULTS [2]],
VECTOR [RESULTS [3]])
OR COLLINEAR (VECTOR [RESULTS [1]],
VECTOR [RESULTS [2]],
VECTOR [RESULTS [4]])
OR COLLINEAR (VECTOR [RESULTS [1]],
VECTOR [RESULTS [3]],
VECTOR [RESULTS [4]])
OR COLLINEAR (VECTOR [RESULTS [2]],
VECTOR [RESULTS [3]],
VECTOR [RESULTS [4]])
THEN BEGIN
{ FOR I := MIN TO LEVEL - 1 DO WRITE (VECTOR
[RESULTS [I]]:7, ' ');
FOR I := MIN TO MAX DO IF I IN SOURCE THEN 
WRITE (VECTOR [I]:7, ' ');
WRITELN)
END 
ELSE BEGIN
224
FOR I ;= MIN TO LEVEL -1  DO WRITE 
(RAFAH,VECTOR [RESULTS [I]]:7, ’ ’);
FOR I := MIN TO MAX DO IF I IN SOURCE THEN 
WRITE (RAFAH,VECTOR [I]:7, ' ');
(WRITE C ARE COLLINEAR.’);} 
WRITELN(RAFAH);
END
ELSE FOR I := MIN TO MAX 
DO BEGIN
IF I IN SOURCE 
THEN BEGIN
RESULTS [LEVEL] := I;
RECURSE (LEVEL + 1, SOURCE - [I])
END
ELSE ( DO NOTHING )
END 
END; { RECURSE)
BEGIN
n:=0;
REWRITE(RAFAH);
REWTHTE(SAL);
RESET(DATA);
ADDITION(ADD,MUL);
RECURSE (1, [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15])
END.
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Programme C
PROGRAM SECANTaNPUT,SALLY6,SALLY,F0UAD.0UTPUT);
TYPE R1=ARRAY[1..10] OF INTEGER;
B l=  ARRAY[1..6,1..3] OF INTEGER;
A l=  ARRAY[1..91,1..10,1..3] OF INTEGER;
VAR I,J,K,M,C:INTEGER;
SALLY6,SALLY,F0UAD:TEXT;
A:A1;
B:B1;
R;R1;
FLAG.BOOLEAN;
PROCEDURE MATCH(A:A1; B:B1);
VAR U,K,C:INTEGER;
FLAGiBOOLEAN;
BEGIN
FLAG:=FALSE;
FOR I := 1 TO 91 DO 
BEGIN 
C:=0;
FOR K := 1 TO 6 DO 
BEGIN
FOR J := 1 TO 10 DO 
BEGIN
M:=l;
W HILE M <=3 DO
iF A[I,J,M] = B[K,M] THEN 
BEGIN 
fLAG := TRUE;
M:=M+1;
END
ELSE
BEGIN
FLAG:=FALSE;
M:=4;
END;
IF FLAG THEN 
BEGIN 
C : = C + 1 ;
R[C] := K;
END;
IF C=3 THEN 
BEGIN
WRITELN(FOUAD,LINE NO.=', 1:1/ ’);
FOR C .- l  TO 3 DO 
BEGIN
WRITELN(F0UAD,B[R[C],1]:1/ ',B[R[C]/2]:1/ \B[R[C],3]:1); 
END;
WRITELN(FOUAD/**********************');
END;
END;
END;
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END;
END;
BEGIN
RESET(FOUAD);
RESET(SALLY);
FOR I := 1 TO 91 DO 
BEGIN
FOR J := 1 TO 10 DO 
FOR K := 1 TO 3 DO
READ(SALLY, A[I,J,K]); 
READLN(SALLY);
END;
RESET(SALLY6);
REWRITE(FOUAD);
W HILE NOT E0F(SALLY6) DO 
BEGIN
FOR I := 1 TO 6 DO 
FOR J := 1 TO 3 DO 
BEGIN
READ(SALLY6, B[I,J]); 
WRITE(F0UAD,B[I,J]:1,' ’); 
END;
MATCH(A,B);
READLN(SALLY6);
WRITELN;
END;
END.
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